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Abstract. In this work, along with the companion work |21) . we propose a novel approach to 
the problem of gauge choice for the Yang-Mills equations on the Minkowski space R^+^. A crucial 
ingredient is the associated Yang-Mills heat flow. As this approach does not possess the drawbacks 
of the previous approaches (as in |13| . 1261 ). it is expected to be more robust and easily adaptable 
to other settings. 

Building on the results proved in the companion article 1211 , we prove, as one of the first 
applications of our approach, finite energy global well-posedness of the Yang-Mills equations on 
]^l+3 This is a classical result first proved by S. Klainerman and M. Machedon TS using local 
Coulomb gauges. As opposed to their method, the present approach avoids the use of Uhlenbeck's 
lemma |29|. and hence does not involve localization in space-time. 



1. Introduction 

In this work, along with the companion work [21 , we propose a novel approach to the problem 
of gauge choice for the Yang-Mills equations 

n^F.f, = 

on the Minkowski space M}^^ with a non-abelian structural group 0. (For the notations, we refer 
the reader to §1.11 ) An essential ingredient of our approach is the celebrated Yang-Mills heat flow 

which, first proposed by Donaldson [7], is a well-studied equation in the field of geometric analysis. 
(See [22], [3] and etc.) The idea of using the associated heat flow to deal with the problem of gauge 
choice had been first put forth by Tao [27], [28] in the context of energy critical wave maps on M^"*"^, 
and has been also adapted to the related energy critical Schrodinger maps by [T], [53], 

The novel approach using the Yang- Mills heat flow does not possess the drawbacks of the previous 
choices of gauge. As such, it is expected to be more robust and easily applicable to other problems. 
Building on the results proved in [21| (where, in particular, a new proof of local well-posedncss of 
the Yang-Mills equations has been given) , we will provide in this paper an alternative proof of finite 
energy global well-posedness of the Yang-Mills equations on M-'^+'^, a classical result of S. Klainerman 
and M. Machedon [T3|, as one of the first demonstrations of the power of the new approach. 

1.1. Background: The Yang-Mills equations on M^+'^. We will work on the Minkowski space 
R"'^"'"'^, equipped with the Minkowski metric of signature ( — 1-++). All tensorial indices will be raised 
and lowered by using the Minkowski metric. Moreover, we will adopt the Einstein summation 
convention of summing up repeated upper and lower indices. Greek indices, such as /x, A, will 
run over x^,x^,x'^,x^, whereas latin indices, such as i,j, k,£, will run only over the spatial indices 
x^,x^,x^. We will often use t for x°. 

Let be a Lie group with the Lie algebra g, which is equipped with a bi-invariant inner produclQ 
(•,•) : X — )■ [0,oo). The bi-invariant inner produt will be used to define the absolute value of 
elements in g, and moreover will be used in turn to define the LJ-norm of g-valued functions. 



A bi-invariant inner product is an inner product on g invariant under the adjoint map. A sufficient condition for 
the existence of such an inner product is that is a product of an abelian and a semi-simple Lie groups. 
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For simplicity, we will assume that © is a matrix group. An explicit example which is useful to 
keep in mind is the group of special unitary matrices © — SU(n), in which case g = su{n) is the set of 
complex traceless anti-hermitian matrices and the bi-invariant metric is given by {A, B) := tr(^i3'^). 

Consider a g-valued 1-form on which we will call a connection 1-form, or connection 

coefficient^ For any g-valued tensor field B on ]R^+"^, we define the associated covariant derivative 
D = (^)D by 

Bf,B ■.= d^,B + [Af,,B], /i = 0,l,2,3 
where 9^ is the ordinary directional derivative on 

The commutator of two covariant derivatives gives rise to a g-valued 2- form called the 

curvature 2- form associated to A^, in the following fashion. 

Using the definition, it is not difficult to verify that F^^, is expressed directly in terms of Afj_ by 
the formula 

Ffii^ — df^Ajj — dyA^ -\- \Afj^, Ai,]. 
From the way F^,^ arises from A^^, it follows that the following Bianchi identity holds. 
(Bianchi) D^F^A + D^Fa^ + DaF^^ = 0. 

A connection 1-form A^^ is said to be a solution to the Yang-Mills equations (jYMp on if the 
following equation holds for 0, 1, 2, 3. 

(YM) D'^F^, = 0. 

Note the similarity of (jBianchil) and (jYM[) with the Maxwell equations dF = and d^F^^ = 0. 
In fact, the Maxwell equations are a special case of (IYM[) in the case © = SU(1). 

An essential feature of (jYMp is the gauge structure, which we explain now. Let J7 be a smooth 
©-valued function. This U may act on A, D,F as a gauge transform according to the following 
rules: 

A^ = UA^U-^ - df,UU-\ = UT>^U-\ F^, = UF^,U-\ 

If a g-valued tensor transforms in the fashion B = UBU~^, then we say that it is gauge covariant, 
or covariant under gauge transforms. Note that the curvature 2-form is gauge covariant. Given a 
gauge covariant B, its covariant derivative D^B is also gauge covariant, as the following formula 
shows: ^ 

D^B = UB^BU-\ 

Due to bi-invariance, we furthermore have {B, B) — {B, B). 

Note that (|YMp is evidently covariant under gauge transforms. It has the implication that a 
solution to (jYMp makes sense only as a class of gauge equivalent connection 1-forms. Accordingly, 
we make the following definition. 

Definition 1.1. A classical solution to (|YMp is a class of gauge equivalent smooth connection 1- 
forms A satisfying (lYMp . A generalized solution to (|YM|) is defined to be a class of gauge equivalent 
connection 1-forms A for which there exists a sufficiently smooth representative A (say dt.xA e 
CfL^, A E CfL^) which satisfies (|YM[) in the sense of distributions. 

A choice of a particular representative will be referred to as a gauge choice. A gauge is usually 
chosen by imposing a condition, called a gauge condition, on the representative. Some classical 
examples of gauge conditions are the temporal gauge Aq — 0, or the Coulomb gauge d^Ag = 0, 
where £, being a latin index, is summed only over the spatial indices 1, 2, 3. 

In this work, as well as the companion paper }21j . we study the Cauchy problem associated to 
(|YM[) . As in the case of Maxwell equations, the initial data set consists of {Ai, Ei) for i = 1,2, 3, 
where Ai = Ai(t = 0) (magnetic potential) and Ei = Foi{t = 0) (electric field). Note that one 

^We take a fairly pragmatic point of view towards the definitions of geometric concepts (such as connection 
and curvature), for the sake of simplicity. For more information on the geometric background of the concepts 
introduced here (involving principal bundles, associated vector bundles and etc.), we recommend the reader the 
standard references [2], [18) . [19| and etc. 
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component of (lYMp . namely i' — 0, imposes the following constraint equation on the possible initial 

data set {Ai, Ei): 

(1.1) d'Ee + [A\Ee]=0. 

The system (jYMp possesses a positive definite conserved quantity E[F^,y](t), called the conserved 
energy of Ffj_i, at time t, defined by 




Note that (jYMp remain invariant under the scaling 

(1.2) x"^Ax", A^X-^A, F^X-^F. 

We remark that the conserved energy E{t) and also the norms |j(9a;Ai|j£,2 , ||i?i||^2 decrease as A 
increases according to the above scaling. This reflects the sub-criticality of these quantities compared 
to the scaling property of (|YMp . 

1.2. The problem of gauge choice and previous approaches. We will begin with a discussion 
on the importance and difficulty of the problem of choosing an appropriate gauge in the study of 
the Yang-Mills equations. Our discussion will revolve around the following concrete example, which 
is a classical result of Klainerman-Machedon , stated in a simplified form. 

Theorem 1.2 (Klainerman-Machedon [13]). Let {Ai,Ei) be a smooth initial data set satisfying the 
constraint equation (jl.ip . Consider the Cauchy problem for these data. 

(1) (H^ local well-posedness) There exists a classical solution A^ to the Cauchy problem for 
(|YM[) on a time interval (— r*,T*), where T* > depends only on \\Ai\\rri,\\Ei\\i^2 . The 
solution is unique in an appropriate gauge, e.g. in the temporal gauge Aq — 0. 

(2) (Finite energy global well-posedness) Furthermore, if the initial data set possesses finite 
conserved energy E(0) < oo, then the solution A^ extends globally. 

After explaining the importance of gauge choice for proving Theorem II. 2 1 we will briefly summa- 
rize the previous approaches to the problem of gauge choice, namely the (local) Coulomb gauge [13] 
and the temporal gauge [23], [8], [26j . It will be seen that each has its own set of drawbacks, which 
in fact makes Theorem 11.21 the best result so far in terms of the regularity condition on the initial 
data, concerning local and global well-posedness of (lYMI) for possibly Zarg^ initial data. This will 
motivate us to propose a novel approach to the problem of gauge choice in !jl.3l 

Importance of gauge choice. There are at least three reasons why a judicious choice of gauge is 
needed in order to prove Theorem 11.21 

A. To reveal the hyperbolicit-^ of (|YM|; 

B. To exhibit the 'special structure' (namely, the null structure) of (|YMP : 

C. To utilize the conserved energy E(i) to control ||92;^j(^)||L2 . 

In the future, we will refer to these as Issues A, B and C. Let us discuss each of the further. 
Concerning Issue A, observe that the top order terms of (jYM[) at the level of A^ have the form 

□^1/ — d^d,yA^ = (lower order terms). 

In an arbitrary gauge, due to the presence of the undesirable second order term —d^^d^A^^ it is 
even unclear whether the equation for is hyperbolic (i.e. a wave equation). Therefore, in order 
to study (jYMp as a hyperbolic system of equations, the gauge should be chosen, at the very least. 



We remark that there are better results in the case of small initial data, for the reasons to be explained below. 
See [25]. 

^In this work, we will interpret the notion of hyperbolicity in a practical fashion and say that a PDE is hyperbolic 
if its principal part is the wave equation. By 'revealing the hyperbolicity of ||YM[| '. we mean reducing the dynamics of 
the Yang-Mills system to that of a system of wave equations. As we shall see below, this may involve solving elliptic, 
parabolic and/or transport equations for some variables. 
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in a way to reveal the hyperbolicity of (jYMp . We remark that this is analogous to the issue that 
the Yang-Mills heat flow is only weakly-parabolic, to be discussed in §1.41 

Resolution of Issue A suffices to prove local well-posedness of (jYM[) for sufficiently regular initial 
data (see [23], [8]). However, it is still insufficient for Theorem II .21 because of Issue B. After an 
appropriate choice of gauge, which does not have to be precise for the purpose of this heuristic 
discussion, the wave equation for the connection I-form A satisfying (jYMp becomes of the form 

(1.3) DA = 0{A, dA) + (cubic and higher) 

where 0{A, dA) refers to a linear combination of bilinear terms in A and dt,xA. 

At this point, we encounter an important difficulty of proving Theorem II .21 Strichartz estimates 
(barely, but in an essential way) fall short of proving local well-posedness of (jl.3p . due to 
the well-known failure of the endpoint L^L"^ estimate on M^+'^. In fact, a counterexample, given 
by Lindblad [20' , demonstrates that even local existence may fail at this regularity for a general 
equation of the form (|1.3p . Such considerations indicate that a proof of Theorem 11.21 necessarily 
has to exploit the 'special structure' of (jYMp . which distinguishes (lYMI) from a general system of 
semi-linear equations of the similar form. As we will see in sequel, this 'special structure' will go 
under the name null form. Since the precise form of the wave equation for the connection 1-form 
A is highly dependent on the gauge, it is crucial to make a suitable choice of gauge so as to reveal 
the structure needed to establish Theorem 11.21 

Once Issues A and B are addressed, low regularity local well-posedness of (lYMp (in particular. 
Part (I) of Theorem lI.2p can, in principle, be established. However, yet another difficulty remains in 
proving Part (2) of Theorem lI.2l namely Issue C. Had the conserved energy E(t) directly controlled 
||9a;^i(t)||i2 , finite energy global well-posedness would have followed immediately from local 
well-posedness. However, recalling the expression for the conserved energy 

we see that in an arbitrary gauge, E(t) can only control a part of the full gradient of Ai: Namely, 
the curl of Ai, or — 9^71^11^2. Therefore, in order to prove Part (2) of Theorem 11.21 as well, 

the chosen gauge must have a structure which allows for utilizing E{t) to control the norm of 
the full gradient dxAi{t). 

Approach using the (local) Coulomb gauge: Proof of Klainerman-Machedon fl3j . We will now discuss 
the approach of Klainerman-Machedon [13 using the local Coulomb gauge. As we will see, this 
approach addresses all of the issues A-C, but possesses the drawback of requiring localization in 
space-time, causing technical difficulties on the boundaries. 

A key observation of Klainerman-Machedon |I3j (which in fact goes back to the previous work 
[l2] of Klainerman-Machedon on the related Maxwell-Klein-Gordon equations) was that under the 
(global) Coulomb gauge d^Ai — imposed everywhere on R^+^, Issues A and B are simultaneously 
resolved. That is: 

• After solving elliptic equations for and OqAq, (jYMp reduce to a system of wave equations 
for Ai, and 

• The most dangerous quadratic nonlinearities of the wave equations can be shown to be 
composed of null forms. 

More precisely, the wave equation for Ai takes the form 

UAi = Q{\dx\'~^ A, A) + \dx\^^Q{A,A) + (Less dangerous terms), 

where each Q is a linear combination of bilinear forms 

Qjki(t>i,(t>2) = dj<pidk<p2 ~ dk(l)idj(j)2, 1 < j < < 3, 

which are particular examples of a null form, introduced by Klainerman and Christodoulou [4] 
in the context of small data global existence problem for nonlinear wave equations, and first used 
by Klainerman-Machedon [11] in the context of low regularity well-posedness. Improved estimates 
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are available for such class of bilinear interactions (see [TT], [14] and etc.), and therefore the desired 
local well-posedness can be proved. 

The Coulomb gauge has an additional benefit that |j9a;Ai(i)||i2 may be estimated by E(t) (pro- 
vided that Ai is sufficiently regular to start with), as the the Coulomb gauge condition d^A^ = 
sets the part of dxAi which is not controlled by E(<) (namely the divergence of A, or d^Ai, according 
to Hodge decomposition) to be exactly zero. In other words, the Coulomb gauge settles Issue C as 
well. 

Unfortunately, when the structural group is non-abelian, there is a fundamental difficulty in 
imposing the Coulomb gauge globally in space (i.e. on M"^ for each fixed t). Roughly speaking, it 
is because when © is non-abelian, a gauge transform into the Coulomb gauge is given as a solution 
to a nonlinear elliptic system of PDEs, for which no good regularity theory is available in the 
larg£0. A closely related phenomenon is the Gribov ambiguity [9], which asserts non- uniqueness 
of representative satisfying the Coulomb gauge equation d^Ai = in some equivalence class of 
connection 1-forms on M.^ when is non-abelian. 

At a more technical level, this difficulty manifests in the fact that Uhlenbeck 's lemma [29] , which 
is a standard result asserting the existence of a gauge transform (possessing sufficient regularity) 

3/2 

into the Coulomb gauge, requires the the curvature F to be small in Lx ■ Note that this norm is 
invariant under the scaling ()1.2p , and therefore cannot be assumed to be small by scaling, unlike the 
energy E[F]. To get around this problem, the authors of [13] work in what they call local Coulomb 
gauges in small domains of dependence (in which the required norm of F can be assumed small), 
and glue the local solutions together by exploiting the finite speed of propagation. The execution of 
this strategy is quite involved due to the presence of the constraint equations (|1.1|) . In particular, 
it requires a delicate boundary condition for DAi in order to mesh the analyses of the elliptic and 
hyperbolic equations arising from (|YMp in the local Coulomb gauge. 

Approach using the temporal gauge. A different route to the problem of gauge choice in the context 
of low regularity well-posedness has been suggested by Tao in his paper [26], where he proved 
local well-posedness for s > 3/4 (thus going even below the energy regularity) by working in the 
temporal gauge Aq — 0, under the restriction that the x H^^^ norm of {Ai,Ei) is small. This 
gauge has the advantage of being easy to impose globally (as gauge transforms into the temporal 
gauge can be found by solving an ODE) , and thus does not have the problem that the Coulomb gauge 
possesses. Indeed, it had been used by other authors, including Segal [23] and Eardley-Moncrief 
[5] , to prove local and global well-posedness of (|YMp for (large) initial data with higher regularity 
(namely, s > 2). To reiterate this discussion in our framework, the temporal gauge resolves Issues 
A and eQ raised above. 

However, this gauge possesses its own drawback that it fails to cope with initial data sets with a 
large norm, when 3/4 < s < iQ. Moreover, another drawback is that it is unclear how to deal 
with Issue C, namely how ||9j;v4i(t)||i2 may be controlled for every t using the conserved energy E. 

1.3. Main idea of the novel approach. The purpose of this paper, along with the companion 
paper [21j, is to present a novel approach to the problem of gauge choice, which does not possess 
the drawbacks of the previous methods. As such, this approach does not involve localization in 
space-time and works well for large initial data. Nevertheless, it is (at the very least) as effective 
as the previous choices of gauge, as we will see that it addresses all of the issues A-C discussed 
above. As a demonstration of the power of the novel approach, we provide a new proof of finite 

^In fact, it is possible to show, by a variational argument, that any Ai S rnay be gauge transformed to a weak 
solution A € to the Coulomb gauge equation d^Ai = 0; see [5]. The problem is that no further regularity of the 
gauge transform and A may be inferred, due to the lack of an appropriate regularity theory. 

^However, Issue B is not addressed fully in the sense that smallness of the initial data is needed. 

^One reason is that it still relies on a Uhlenbeck-type lemma to set d^Ai = at t = 0, which requires some sort 
of smallness of the initial data. There is also a technical difficulty in the Picard iteration argument which does not 
allow one to use the smallness of the length of the time-interval; ultimately, this originates from the presence of a 
time derivative on the right-hand side of the equation 9t{9*Af) = —[A^,dtAi] (which is equivalent to the equation 
D^^fO = 0). See [26] for more details. 
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energy global well-posedness of (jYM|) in this work. This, coinbinec0 with the new proof of H]. local 
well-posedness of (|YM|) given in [21 , wih constitute an alternative proof of Theorem II .21 

Heuristically speaking, the key idea of the novel approach is to 'smooth out ' the problem at hand 
in a 'geometric fashion'. The expectation is that the problem of gauge choice for the 'smoothed out 
problem' would be much easier thanks to the additional regularity. All the difficulties, then, are 
shifted to the problem of controlling the error generated by the smoothing procedure. That this is 
possible for a certain choice of smoothing procedure, based on a geometric (weakly-)parabolic PDE 
called the Yang-Mills heat flow, is the main thesis of this work and [21] ■ 

In the following three subsections ( ^1.4| -i jl.6p . we will discuss how the novel approach deals with 
Issues A~C listed above. After a discussion on the Yang-Mills heat flow in m.Ai we will give a 
summary of the companion paper [21j in §1.5) in which we explain how Issues A and B are resolved. 
Then an overview of the main ideas of the present paper in §1.61 will follow, addressing Issue C. 

Remark 1.3. The present work advances a relatively new idea in the held of hyperbolic PDEs, which 
is to use a geometric parabolic equation to better understand a hyperbolic equation. To the author's 
knowledge, the first instance of this idea occurred in the work of Klainerman-Rodnianski [16], in 
which the linear heat equation on a compact 2-manifold was used to develop an invariant form of 
Littlewood-Paley theory. This was applied in 15 and [17] to study the causal geometry of solutions 
to the Einstein's equations under very weak hypotheses. 

Such idea was carried further by Tao |27j , who proposed to use a nonlinear geometric heat flow to 
deal with the problem of gauge choice in the context of the energy critical wave map problem. This 
was put into use in the series of preprints [28] to develop a large energy theory of wave maps into a 
hyperbolic space H" . In this setting, one begins by solving the associated heat flow, in this case the 
harmonic map flow, starting from a wave map restricted to a fixed t-slice. Then the key idea is that 
the harmonic map flow converges (under appropriate conditions) to a single point, same for every t, 
in the target as the heat parameter goes to oo. For this trivial map at inflnity, the canonical choice 
of gauge is cleaiQ; this choice is then parallel-transported back along the harmonic map flow. The 
resulting gauge is dubbed the caloric gauge. This gauge proved to be quite useful, and the use of 
such gauge has also been successfully extended to the related problem of energy critical Schrodinger 
maps as well, through the works [T|, [24] and [25] . 

1.4. The Yang-Mills heat flow. Before delving into a more detailed exposition of our approach, 
let us first introduce the Yang-Mills heat flow (or (YMHF) in short), which will play an impor- 
tant role in this series of works. Consider a spatial connection 1-form Ai{s) [i — 1,2,3) on M"^ 
parametrized by s € [0, sq] (sq > 0). We say that Ai{s) is a Yang-Mills heat flow if it satisfies the 
equation 

(YMHF) dsA, = n'Fu, 1 = 1,2, 3. 

First introduced by Donaldson , the Yang-Mills heat fiow is the gradient flow for the Yang-Mills 
energy on (also referred to as the magnetic energy) 

and plays an important role in differential geometry. It has been a subject of an extensive research 
by itself; see, for example, [7], [22], [3] and etc. 

Our intention is to use (jYMHFj) as a geometric smoothing device for (|YM[) . One must be careful, 
however, since (jYMHFp is not strictly parabolic as it stands at the level of Ai. Indeed, expanding 
(jYMHFp in terms of Ai , the top order terms look like 

dgAi = AAi — d^diAg -f (lower order terms), 

where AAi — did'^Ag possesses non-trivial kernel (any Ai = 9^0, for (f) a g-valued function). Due to 
this fact, the Yang-Mills heat flow is said to be only weakly-parabolic. 

^We remark, however, that this work will rely on results proved in 21 other than local well-posedness as well. 
On the other hand, 1211 may be read independently of the present paper. 

^Namely, one chooses the same orthonormal frame at each point on the domain. 
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The culprit of the non-parabolicity of (jYMHF|) turns out to be the gauge covariance of the term 
ID^Fu, which suggests that it can be remedied by studying the gauge structure of the Yang-Mills 
heat flow in detail. Upon inspection, we see that the gauge structure of the equations (jYMHF[) is 
somewhat restrained, as it is covariant only under gauge transforms that are independent of s. To 
deal with the problem of non-parabolicity, we will begin by fixing this issue, i.e. reformulating the 
Yang-Mills heat flow in a way that is covariant under gauge transforms which may as well depend 
on the s-variable. 

Along with Ai, let us also add a component Ag and consider Aa (a — , s), which is a 

connection 1-form on the product manifold R"^ x [0, sq]. Corresponding to Ag, we also introduce the 
covariant derivative along the 9s-direction 

D, -.= 8, + [As,-]. 

A covariant Yang-Mills heat flow is a solution Aa to the following system of equations. 

(cYMHF) Fsr = B'Fu, i = 1,2, 3, 

where Fsi is the commutator between and D^, given by the formula 

(1.4) Fs,^dsA,-d,As + [As,A,]. 

The system (jcYMHFp is underdetermined for Aa, and therefore requires an additional gauge 
condition (typically on As) in order to be solved. Note that the original Yang-Mills heat flow 
(jYMIfFp is a special case of (jcYMHF[) . namely when As = 0. On the other hand, choosing As ~ 
d^Ai, the top order terms of (jcYMHFp becomes 

dsAi — did^Ag = AAi — d^diAg + (lower order terms). 

The term d^diAg on each side are cancelled, and we are consequently left with a strictly parabolic 
system of equations for Ai. In other words, the weakly-parabolic system (jYMHFp is equivalent to a 
strictly parabolic system of equations, connected via gauge transforms for (jcYMHFp back and forth 
As = and As = d'^Ag. 

Henceforth, the gauge condition As = will be referred to as the caloric gauge, in deference to 
the term introduced by Tao in his work [27]. The condition As = d^Ag will be dubbed the DeTurck 
gauge, as the procedure outlined above may be viewed as a geometric reformulation of the standard 
DeTurck's trick, introduced first by DeTurck [6] in the context of the Ricci flow and adapted to the 
Yang-Mills heat flow by Donaldson [71 . 

1.5. Overview of 21j: Proof of local-wellposedness. Acquainted with the covariant formula- 
tion of the Yang-Mills heat flow, we are ready to return to the task of describing our approach in 
more detail. We will begin by providing a short overview of j21j . in which local well-posedness is 
proved for initial data sets with H^. regularity; for a more precise statement, see Theorem 11.61 In 
particular, we will explain how Issues A, B raised in HI. 21 are resolved in the novel approach. 

To avoid too much technical details, we will treat here the simpler problem of proving an a priori 
bound of a solution to (|YM|) in the temporal gauge. That is, for some interval / :— (— TojTo) C M, 
we will presuppose the existence of a solution Aj, to (jYMp in the temporal gauge on / x M'^ and aim 
to establish an estimate of the form 

I|9m4||c.(/,LD<^ E ll(^-^^)IUixLJ 
1=1,2,3 

where A\{t = 0) = A„dtA\{t = 0) = E,. 

Geometric smoothing of Aj^ by the (dynamic) Yang-Mills heat flow. The first step of the proof is to 
smooth out the solution Aj^^, essentially using the covariant Yang-Mills heat flow. Let us introduce 
a new variable s € [0, so], and extend Aj^ = Aj^{t, x) to Aa — Aa{t, x, s) (where a — x^, x^,x'^,x^, s) 
on / X R-^ X (0, So] by solving the equations 

(dYMHF) Fs^ = G'Fg^, /i = 0, 1, 2, 3 
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with an appropriate choice of As, starting with A^t(s = 0) = Aj^. Note that that this system is 
(jcYMHF[) appended with the equation Fso = D^F^q for Aq; it wiU be referred to as the dynamic 
Yang-Mills heat flow or, in short, (dYMHF). Using Picard iteration, these equations can be solved 
provided that sq > is smaU enough. 



(HPYM) 



The hyperholic-paraholic- Yang- Mills system. As a result, we arrive at a connection 1-form Ag^ (where 
s) on / X M'' X [0, So] which solves the following system of equations. 

J F,^ = -D^Ft^ on / X R3 X [0, sq], 
I D^F^^ = along / x x {0}. 

We will refer to this as the Hyperbolic-Parabolic-Yang-Mills system or, in short, (|HPYM[) . This 
will be the system of equations that we will mainly work with in place of (jYM|) . Accordingly, instead 
of Ajj^, we will estimate A^ := A^(s = so), which may be viewed as a smoothed-out version of Aj^, 
and the error 9sA^(s) (for s £ (0, sq)) in between. 

Gauge choices for (jHPYM[) .• DeTurck and caloric-temporal gauges. The next step consists of esti- 
mating dsA^ and A^ by using the equations arising from (jHPYMp . Basically, the strategy is to first 
use the parabolic (in the s-direction) equations to estimate the new variables dsAfj^,A^ at i = 0, 
and then to use the hyperbolic (in the t-directions) equations to estimate their evolution in t. As 
(|HPYM[) is manifestly gauge covariant (under gauge transforms fully dependent on all the variables 
, x^, , s), we need to fix a gauge in order to carry out such analyses. 
As it turns out, a diff'erent gauge choice is needed to achieve each goal. For the purpose of deriving 
estimates at i = 0, which should be compatible with the analysis of the t-evolution to follow, it is 
essential to exploit the smoothing property of (|dYMHF[) . As such, the gauge of choice here is the 
DeTurck gauge Ag = d^A(. On the other hand, completely different considerations are required for 
estimating the t-evolution, and here the gauge condition we impose is 

j As=0 on / X X (0,so), 

\iio = on / X X {so}. 

which will be referred to as the caloric-temporal gauge. In practice, the DeTurck gauge will be 
first used to obtain estimates at t = 0, and then we will perform a gauge transformational into the 
caloric-temporal gauge to carry out the analysis of the evolution in t. We remark that finding such 
gauge transform is always possible, as it amounts to simply solving a hierarchy of ODEs. 

A brief discussion on the motivation behind our choice of the caloric-temporal gauge is in order. 
For dsA^ on / x x (0, sq), let us begin by considering the following rearrangement of the formula 
(O) for R,-: 



(1.5) dsA,^ Fs^+T>,As. 

A simple computatiort"! shows that Fsi is covariant- divergence- free, i.e. Ti^Fsi = 0. This suggests 
that ()1.5p may be viewed (heuristically) as a covariant Hodge decomposition of dsAi, where Fsi is 
the covariant-divergence-free part and T)iAs, being a pure covariant-gradient term, may be regarded 
as the 'covariant-curl-free part' (although, strictly speaking, the covariant-curl does not vanish but 
is only of lower order for this term) . Recall that the Coulomb gauge condition, which had a plenty 
of good properties as discussed earlier, is equivalent to having zero curl-free part. Therefore, to 



^'^A technical remark: Performing a gauge transformation U = U{t,x,s) from the DeTurck gauge to the caloric 
gauge, with the additional condition that U{t = 0, s = 0) = Id, corresponds exactly to carrying out the standard 
DeTurck trick [7|. However, this is inappropriate for our purposes, as it turns out that this gauge transform is not 
bounded on for m > 1. As such, it cannot retain the smoothing estimates proved in the DeTurck gauge. Instead, 
we will use the gauge transform for which U{t = 0, s = 1) = Id. Under such gauge transform, A^{t = 0) remains the 
same, and thus smooth, at the cost of introducing a non-trivial gauge transform for the initial data at t = 0, s = 0. 
In some sense, this procedure is an analogue of the Uhlenbeck's lemma in our approach. 

'^"'^The identity D^F^i = follows from llcYMHFI l and D^D'^F^fe = 0, which is proved simply by anti-symmetrizing 
the indices £,k. 
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imitate the Coulomb gauge as closely as possible, we are motivated to set As = on / x R'^ x (0, so); 
incidentally, this turns out to be the caloric gauge condition discussed earlier. 

On the other hand, at s = sq, the idea is that possesses smooth initial data {A^, F_Q^){t = 0), 
thanks to the smoothing property of (jdYMHF[) . Therefore, we expect that the problem of gauge 
choice for A^ is not as delicate as the original problem; as such, we choose the temporal gauge 
condition Aq — 0, which is easy to impose yet sufficient for the analogous problem with smoother 
initial data, as the previous works |23], had shown. 

Resolution of Issues A and B. With the caloric-temporal gauge, we are finally ready to describe 
how Issues A and B are resolved in the novel approach. Let us begin by introducing the Yang-Mills 
tension field w^{s) :~ 'D^F^^{s), which measures the extent of failure of A^{s) to satisfy (|YM|) . 
Then we may derive the following system of equations [21 , Appendix A] : 

(1.6) Tisw, =■D'■Dew, + 2[F/,we]+2[F^'\■D^F,,+■DeF,^], 

(1.7) D'^D^F,, =2[^^/, F,,,] - 2[F''^ B^Fu + D,F,^] - B'Biw, + B^B^Wi - 2[F,\ u;,], 
(1-8) D^Z.^ =w,. 

The underlines of (jl.Sp signify that each variable is restricted to {s = sq}- Furthermore, = Q 
at s = 0, for all = 0, 1, 2, 3. 

The parabolic equation (|1.6p can be used to derive estimates for the Yang-Mills tension field 
w^. It is important to note that its data at s = is zero, thanks to the fact that ^^(s — 0) 
satisfies (jYMp . Moreover, note that wq = —Fgo, which is equal to —dgAo thanks to the caloric 
gauge condition As = 0. In conclusion, after solving the parabolic equation (II. 6p . the dynamics of 
(|HPYMp is reduced to that of the variables Fgi = dsAi (again due to As = 0) and A^. These are, 
in turn, estimated by (|1.7p . which is a wave equation for Fsi, and (II. 8p . which is the Yang-Mills 
equation with a source w^, for A^ under the temporal gauge Aq = 0. This shows the hyperbolicity 
of (|YMp . which takes care of Issue A. 

Next, let us address the issue of exhibiting null forms (i.e. Issue B). Let us begin by observing 
that for (jl.Sp . no null form is needed to close the estimates; this is because {A^^, FjQ^)(t = 0) has 
been smoothed out by (jdYMHFp as mentioned earlier. For (|1.7p . on the other hand, there turns 
out to be a single term which cannot be dealt with simply by Strichartz estimates, namely 

2[Ae-A,,^'Fs^]. 

li Ag — Ag were divergence-free, i.e. d^{Ai — A^) = 0, then an argument of Klainerman-Machedon 
[12| , |13| would show that this nonlinearity may be rewritten in as a linear combination of null forms 
Qjk{\dx\~^{A — A), Fsi). Although this is not strictly true, we have 

/■So 

Ae-Ai = - / Fse{s)ds 

JO 

thanks to the condition As = 0, where Fgg is covariant- divergence- free, i.e. B^Fsi = 0. This suffices 
for a variant of the argument of Klainerman-Machedon to work, settling Issue B. 

Provided that sq, |/| are sufficiently smalQ an analysis of (jHPYMp using the gauge conditions 
indicated above leads to estimates for dsAi,Ai in the caloric-temporal gauge, such as 

sup s-('"+i)/2||9i"-i)9t,.(a,A,)(s)||c.(/,Lj) <C„ V \\(A,,E, 



(1.9) 



0<s<so 



1,2.3 



j"=l,2,3 



^■^In the Coulomb gauge, the equation for Aq is elliptic and therefore smallness of the time interval / cannot 
be utilized to solve for Aq using perturbation; in |13j . the authors exploits the spatial localization to overcome this 
issue. For l IHPYMll in the caloric- temporal gauge, Aq estimated by integrating FaQ = dsAo, where the latter variable 
satisfies a parabolic equation. For this, smallness of so can be used, and thus the estimates are still global on M.^ . 
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up to some integers mg, A;o>l,i.e. 1 < m < mo, 1 < k < ko- We remark that the weights of s are 
dictated by scahng. 

Returning to Aj^. The only remaining step is to translate ()1.9|) to the desired estimate for \\dt.xAj^\\ctii,L^)- 
The first issue arising in this step is that the naive approach of integrating the estimates (|1.9p in 
s fails to bound ||i9t,a:^ji||ct(/.i2)i albeit only by a logarithm. To resolve this issue, we take the 
weakly-parabolic equations 

dsAi — AAi — d'^diAi + (lower order terms). 

differentiate by dt^x, multiply by dt^xAi and then integrate the highest order terms by parts over 
M"^ X [0, So]- This procedure, combined with the L^-type estimates of (|1.9|) . overcome the logarithmic 
divergence. 

Another issue is that (|1.9|) . being in the caloric-temporal gauge, is in a different gauge from the 
temporal gauge along s — Q. Therefore, we are required to control the gauge transform back to the 
temporal gauge along s — Q, for which appropriate estimates for Aq{s — 0) in the caloric-temporal 
gauge are needed. These are obtained ultimately as a consequence of the analysis of the hyperbolic 
equations of (|HPYMp (Strichartz estimates, in particular, are used). 

1.6. Overview of the present paper: Finite energy global well-posedness. In the work of 
Klaincrman-Machcdon [13 , as pointed out earlier, finite energy global wcU-poscdness was a rather 
easy corollary of the H], local well-posedness proof thanks to the fact that in the (local) Coulomb 
gauge, the conserved energy E(t) essentially controls || {Ai, -Foi)(^)ll-ffi xl^ . However, in the temporal 
gauge, making use of the conserved energy E(t) is not as straightforward since E(t) only controls 
certain components (namely, the curl) of the full gradient of Ai{t). We remind the reader that this 
was referred to as Issue C in ^1.21 

Nevertheless, it is another remarkable property of the novel approach that Issue C can also 
be resolved, and therefore finite energy global well-posedness of (jYM|) can be proved. Our proof 
proceeds roughly in three steps, each of which uses the conserved energy E(i) in a crucial way. 

Step 1. Let us start with a solution Aj^ to (|YMp in the temporal gauge on (— ro,ro) x M'^. As in 
the proof of local well-posedness, the first step is to solve (IdYMHFp to extend Aj, to a solution A^. 
to (jHPYMp . A priori, however, it is not clear whether this is possible when To is large. 

To illustrate, suppose that A^^ does not extend past the time Tq. Then from the local well- 
posedness statement, it is necessary that 

\\dt,xAl(t)\\ Li oo ast^To. 

Because of this, the size of the s-interval on which (IdYMHPp can be solved by perturbative 
methods shrinks as i — > To. As a consequence, there might not exist a non-trivial interval [0, sq] on 
which (jdYMHFp can be solved for every t G (-To,To). 

However, such a scenario is ruled out, thanks to the conserved energy E(i), and (jdYMHFp can be 
solved in a uniform manner globally in time. More precisely, it is possible to show that there exists 
So > depending only on E(t) such that (jdYMHFp on a fixed i-slice can be solved on an interval 
[0, So]. As E(t) is conserved, this shows that Aj^ can be extended to a solution A^ to (jHPYMp on 
(-^To,To) xM3 X [0,1]. 

Step 2. With a solution A^ of (jHPYMp in hand, let us impose the caloric-temporal gauge condition 
via an appropriate gauge transform. We wish to demonstrate that the conserved energj{3 E(t) 
controls the appropriate fixed-time norms of the dynamic variables, which in this case are A^ and 
T,, = dsA,. 

The key observation is that ||D^'^'F^,^(t, s)\\l2 is estimated (with an appropriate weight of s) by 

E(i), thanks to covariant parabolic estimates. In particular, |lDi'°''Fgj(i)||2,2 is under control, where 
F_^^ is the connection 2-form restricted to {s = so}. As the temporal gauge condition = is 

^■^For a solution Aa to l IHPYMII . E(t) is defined to be the conserved energy of Af, at (t, s = 0). We remark that 
this is a gauge-invariant quantity. 
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enforced, we have F_q^ — dtAi] therefore, the preceding norm may be integrated in t to control the 
size of |j9i'^^iii(i)||L2 for t £ {-'Tq,Tq). On the other hand, as F^i — D^Fa is aheady of the form 
^xF^^, we can use the conserved energy E(f) to control the appropriate (fixed-time) norms of Fsi(t) 
as well, for each t g {—To,To). 

Step 3. Finally, we must unwind all the gauge transformations which have been done and return 
to Ajj^. As in the last step of the proof of local well-posedness, this requires estimating Aq along 
s = in the caloric-temporal gauge, where an important ingredient for the latter is the estimates 
obtained from the hyperbolic equations of ()HPYM|) . Iterating the techniques developed in [21] for 
proving local well-posedness on a short time interval, coupled with some new estimates arising from 
the conserved energy E, leads to the desired estimates. 

For a more rigorous overview of the whole argument of the present paper, we refer the reader to 
Section |3l There, the Main Theorem is reduced to Theorems RHCl which essentially correspond to 
Steps 1-3 in the respective order. 

1.7. Statement of the Main Theorem. We will now give the precise statement of our main 
result. Let us begin by defining the class of initial data sets of interest. 

Definition 1.4 (Admissible initial data set). We say that a pair {Ai,Ei) of 1-forms on is 
an admissible initial data set for the Yang-Mills equations if the following conditions hold: 

(1) Ai& H]^r\ Ll and E, e L^, 

(2) The constraint equation 

d'E, + \A\Ei\^Q, 

holds in the distributional sense. 

Let us also define the notion of admissible solutions. 

Definition 1.5 (Admissible solutions). Let / C M. We say that a generalized solution A^ to the 
Yang-Mills equations (|YM|) in the temporal gauge Aq = Q defined on / x R^^ is admissible if 

A^ e Ct{i, Hi n Ll), dtA^ e Ll) 

and A^ can be approximated by classical solutions in the temporal gauge in the above topology. 

We begin with a Hi local well-posedness theorem, whose proof using the Yang-Mills heat flow 
has been given in the companion paper |21| . 

Theorem 1.6 {Hi local well-posedness [21\ Main Theorem]). Let {Ai,Ei) be an admissible H^ 
initial data set, and define X := ||^||^i -|- ||£^||^2. Consider the initial value problem (IVP) for 

(jYMp with {Ai,Ei) as the initial data. Then the following statements hold. 

(1) There exists T* = T*{T) > 0, which is non-increasing in I, such that a unique admissible 
solution A^ — A^{t,x) to the IVP in the temporal gauge Aq = exists on the t-interval 
I :~ (— r*,T*). Furthermore, the following estimates hold. 

sup \\dt,a:A^\\c,(I,Ll) < CT, SUp || A, || (7,L3 ) < • SUp || A, || ^3 . 

i i i 

(2) Let {A^,E^) be another admissible H^ initial data set such that \\A + \\E 11^2 < T, and 
let A'^ be the corresponding solution given by (1). Then the following estimates for the 
difference hold. 

sup \\dt.xAi - dt.,xA[\\ct(i,Ll) <C'y(sup \\Ai - + sup \\Ei - e[\\l2), 

i ^ i i 

sup||A, - A',||c,(/,L3) <Cj(suppi - Ai||^i^^3 -f supp, -E^||i2). 

i i ^ ^ i 
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(3) Finally, the following version of persistence of regularity holds: if dxAi, Ei e for an 
integer m>0, then the corresponding solution given by (1) satisfies 

du^A, e c^((-^^^*),i/,^^) 

for every pair (fci, k-i) of nonnegative integers such that ki + k2 < m. 

The Main Theorem of this paper is a global well-posedness statement, which (in essence) says 
that the solution given by Theorem 1 1 . 61 can be extended globally in time. It uses crucially the fact 
that an admissible initial data set always possesses finite conserved energy, which whose precise 
definition is as follows. Given a space-time 2-form F ~ F^^, we define its conserved energy to be 

E[F] ■■^lY.wp^^wk- 

We are ready to state our Main Theorem. 

Main Theorem (Finite energy global well-posedness). Let {Ai,Ei) be an admissible initial 
data set, and consider the initial value problem (IVP) for (jYMp with (Ai,Ei) as the initial data. 
Note that by admissibility, {Ai,Ei) always possesses finite conserved energy, i.e. E[F] < oo. Then 
the following statements hold. 

(1) The admissible solution given by Theorem \1.6\ extends globally in time, uniquely as an ad- 
missible solution in the temporal gauge Aq = Q. 

(2) Moreover, if Ai, Ei are smooth and dxAi^Ei G i7™ for an integer m > 0, then the corre- 
sponding solution given by (1) is also smooth and satisfies 

dt,.A, e Ct{R,H^') 
for every pair (fci, fc2) of nonnegative integers such that fci + ^2 < m. 

We remark that quantitative estimates as in Parts (I), (2) of Theorem 11.61 can be obtained by 
applying Theorem 11.61 repeatedly. We have omitted these statements for the sake of brevity. 

Remark 1.7. The temporal gauge in the statements of Theorem 11.61 and the Main Theorem does 
not play an essential role. We have used this mainly because it is a well-known gauge condition that 
is easy to impose. In fact, most of the analysis in this paper takes place under the caloric-temporal 
gauge condition which has been introduced above. 

1.8. Outline of the paper. After setting up the notations and conventions in Section[2l we begin 
the proof of the Main Theorem in Section [3] by reducing it to establishing Theorems El E] and El 
all of which concern the system (|HPYM|) . We remark that Theorems El [B] and [C] will correspond 
to Steps 1, 2 and 3 which have been discussed in §1.6) in the respective order. 

The rest of the paper is devoted to proofs of Theorems El IB] and [Cl In Sectional we gather some 
preliminary definitions and results needed in the remainder of the paper. In particular, we present 
an array of techniques for dealing with covariant parabolic equations in i|4.2l These techniques is 
put into use in the following section (Section [5]), where we study the covariant parabolic equations 
satisfied by the curvature 2-form F of a solution to (jcYMHF|l or (jdYMHEp . As a result, we derive 
covariant parabolic estimates, on which the whole paper is based. Then in Section [HI we study the 
systems (jcYMHF[) and (jdYMHPp themselves under the caloric gauge condition As — C0- Then in 
the final three sections of this paper, we finally give proofs of Theorems El iBl and [Cl in order. 
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out whose support and constructive criticisms this work would not have been possible. Also, the 
author would like to thank Jonathan Luk for reading an earlier version of the paper and providing 
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^^As a byproduct of our analysis, we obtain an independent proof of global existence of solutions to the original 
Yang-Mills heat flow dsAi = H^Fn with finite Yang-Mills energy, which is a result originally due to Rade 1221 . See 
Corollary [621 
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2. Notations and Conventions 

In this paper, we will use bold kernel letters to refer to all space-time components; more precisely, 
F denotes any of the 6 components of F^^,, and A, denote any of the 4 components of A^, 
Fsu, respectively. On the other hand, plain kernel letters will refer to only spatial components, i.e. 
F — Fij, A = Ai, and Fg = Fsi for i, j = 1, 2, 3. A norm of such an expression, such as || A|| or || A|j , is 
to be understood as the maximum over the respective range of indices, i.e. || A|| = sup^^g 2,3 II^mII ' 
= supi=i^2,3 \\M\ and etc. 

We will use the notation 0(01, . . . , <j)}~) to denote a /c-linear expression in the values of 0i, . . . , (p^. 
For example, when (pi and the expression itself are scalar- valued, then O(0i, . . . , pk) = (^0102 ' ' ' 4>k 
for some constant C In many cases, however, each 0j and the expression 0(01, . . . , 4>}~) will actually 
be matrix-valued. In such case, O(0i,...,0fc) will be a matrix, whose each entry is a /c-linear 
functional of the matrices 0^. 

In stating various estimates, we will adopt the standard convention of denoting finite positive 
constants which are different, possibly line to line, by the same letter C . Dependence of C on 
other parameters will be made explicit by subscripts. Furthermore, we will adopt the convention 
that C always depends in a non-decreasing manner with respect to each of its parameters, in its 
respective range, unless otherwise specified. For example, (a)i, where E, ^—^X range over positive 
real numbers, is a positive, non-decreasing function of both E and -'Z. 

Finally, in addition to plain greek and latin indices, we will utilize bold latin indices, such as a, b, 
which will refer to all possible indices 

3. Reduction of the Main Theorem 

3.1. Preliminaries. Before we begin, let us borrow a few definitions and lemmas from [2T|, which 
will be useful in the proof of the Main Theorem. We start with the notion of regular functions and 
initial data sets. 

Definition 3.1 (Regular functions). Let / C R, J C [0,oo) be intervals. 

(1) A function cj) = (j){x) defined on M? is regular ii (p e D^^^^HJ^. 

(2) A function 0(i, x) defined on / x is regular if G Cf^{I, H^) := nf;^^QC^{I, H^). 

(3) A function — %p{t,x,s) defined on / x x J is regular if e C^g{I x J,H^) :— 

n.°?™=oQ^ax J,i7™). 

Definition 3.2 (Regular initial data sets). We say that an initial data set {Ai,Ei) to (jYM|) is 
regular if, in addition to satisfying the constraint equation (II. ip . Ai,Ei are smooth and dxAi,Ei 
are regular. 

The first lemma tells us that an admissible initial data set may be approximated by a sequence 
of regular initial data sets. 

Lemma 3.3 (Approximation lemma [211 Lemma 4.5]). Any admissible initial data set (A,;, Ei) G 
(H^OL^) X can be approximated by a sequence of regular initial data sets {A(^n)i! F(^n)i) satisfying 
the constraint equation (|l.ip . More precisely, the initial data sets (A(„)j, i?(„)j) may be taken to 
satisfy the following properties. 

(1) ^(n) is smooth, compactly supported, and 

(2) E(^n) is regular, i.e. -B(n) G for every integer k > 0. 

The idea is that a regular initial data set leads to, by persistence of regularity, a regular solution 
to (|YMl) and (|IIPYM|) . which is defined as follows. 

Definition 3.4 (Regular solutions). We say that a representative A^^ of a classical solution to (jYMp 
is regular if is smooth and dt^xA^ is regular. Furthermore, we say that a smooth solution A^ to 
(jHPYMp is regular if Ag^ is smooth and dt^xA^, As are regular. 

Related to the notion of a regular solution, we also introduce the definition of a regular gauge 
transform. 
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Definition 3.5 (Regular gauge transform). We say that a gauge transform [/ on / x E'^ x J is a 

regular gauge transform if J7, are smooth and furthermore 

U, G CZil X J, L-), 9t^,C/, 9t,,C/-i G CZil X J, L^), 9(2)^, 9(2)^-1 g ^^,(7 x J, H^). 

A gauge transform t/ defined on / x M'^ is a regular gauge transform if it is a regular gauge 
transform viewed as an s-independent gauge transform on / x M'^ x J for some J C [0, 00). 

Note that a regular solution (either to (jYM|l or to (jHPYM|) remains regular under a regular 
gauge transform. 

Let us also define a norm Ao [Aq] (/) (for / C M an interval) for a g-valued function Aq on I x M.^ 
as follows: 

Ao[Ao]{I) := WAoWl^lui) + WdxAoU^LUi) + Po||lJl~(/) + Wd^MlLlLUi) + \\di^^MLlLi{i)- 

The next lemma shows that this norm is exactly what one needs in order to estimate gauge 
transforms into the temporal gauge. 

Lemma 3.6 (Estimates for gauge transform to temporal gauge [211 Lemma 4.6]). Let Tq > 0. and 

consider the following ODE on (— TqjTq) x M.^ . 



(3.1) 



r d^v = vAo 
\ v{t = 0) = y, 

where we assume that Aq is smooth and Aq{—Tq,Tq) < 00. 

(1) Suppose that V = V{x) is a smooth (S-valued function on {t — 0} x M'^ such that 

for all integers m > 0. 

Then there exists a unique solution V to the ODE, which obeys the following estimates. 

{II^I1lj-L~(-To.To) <C'^o(-To,To) • II^IIl": 
\\dt,.V\\L^Lli-T„^T„) <CA„i-T„,To) ' mVhl + Ao{-To,To)\\V\\l^), 
\\di^^V\\L^L.^_To.To) <C^o(-To,To) ' i\\diW\\ ^1 + Ao{-To,To)\\V\\ L^) . 

These estimates remain true with V, V replaced by V~^, V ^ , respectively. 

3.2. Reduction of the Main Theorem to Theorems [Al [B] and [Cl The theorem we present 
below concerns two points: A) After scaling, it ensures that (|dYMHFI) can always be solved (from 
which we obtain a solution to (|HPYM|) on the unit s-intcrval provided that the conserved energy 
is small, and B) It gives a quantitative estimate for the data for (|HPYM|) at i = (namely X(0)) in 
terms of the size I of the initial data set {Ai, Ei). 

Given a solution Ag, to (|HPYM|1 on / x M'^ x [0, 1], we assert the existence of a norm I{t) {t G /) of 
dt,xFsi{t, s) (0 < s < 1) and dt,xA^{t), for which the following theorem holds. The precise definition 
will be given in Section [T] 

Theorem A (Transformation into the caloric-temporal gauge and estimates at t = 0). Consider a 
regular initial data set {Ai,Ei) to (jYMp which satisfies^^ 

(3.3) \\A\\^i<Sp, E[F]<(5. 

where dp, 6 > are small absolute constants. Let AI be the corresponding regular solution to (jYMp 
in the temporal gauge given by Theorem \l.(A which we assume to exist on (— TqjTo) x M? for some 
To > 0. Then: 



l^We remind the reader the notation F = F^^{t = 0,s = 0). 
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(1) There exists a regular gauge transform V = V{t, x) on (— Tq, Tq) x M"^ and a regular solution 
An = Aa.{t,x,s) to (jHPYM|) in the caloric-temporal gauge on (— TqjTo) x R'^ x [0,1] such 
that F^ij is regular and 

(3.4) A^,{s = Q) = VAlV-^ -d^,VV-\ 

(2) With the notation X := ||y4||^i + ||i?||i2, the following estimates hold. 

(3.5) Z(0) < C^-T, \\V\\l^ < C^, WOMli + \\di^''V\\Li < C^-I. 
The identical estimates as the last two hold for V replaced by V ^ as well. 

The non-trivial initial gauge transform V has been introduced to ensure that A^ is smoother than 
A|. It can be thought of as a substitute for the Uhlenbeck's lemma in our setting; for more details, 
we refer the reader to [211 Proof of Theorem A]. The quantitative estimates p.Sp . as well as the 
existence of V, follows from (211 Theorem A]. 

The next theorem basically says that the conserved energy E(i) can be used to control I{t) for 
every t G {—Tq,Tq); we refer the reader to Step 2 in i jl.6l for the basic idea behind the theorem. 

Theorem B (Fixed time estimates by E). Let Tq > 0, and consider a regular solution A^ to 
(IHPYMp in the caloric-temporal gauge on (— Tq, Tq) x R'^ x [0, 1] satisfying T{0) < oo and E[F] < cxi. 
Then for t G {—To,Tq), T(t) can be bounded in terms of the initial data and Tq, i.e. 

(3.6) sup lit) < Cj-,g. E[F1 To < 

te(-To,To) 

From Theorems \K\ and iBl we obtain a priori estimates on each fixed-time slice {t} xR3x[0,1]. In 
order to estimate the gauge transform back to the temporal gauge, however, one needs to control Ao 
(recall Lemma |3^ . and for this purpose it turns out that these fixed-time estimates are insufficient. 
In order to estimate Aq we need to take advantage of the fact that the dynamic variables Fs,A 
satisfy wave equations, which is exactly what the next theorem achieves. 

Theorem C (Short time estimates for (jHPYMI) in the caloric-temporal gauge). Let Tq > 0, and 
consider a regular solution A^^ to (jHPYMp in the caloric-temporal gauge on {—Tq,Tq) x M"^ x [0, 1] 
such that F = is regular on {—Tq, Tq) x M'^ x [0, 1]. Suppose furthermore that 

(3.7) sup E[F(t, s = 0)] < (5, sup I{t)<D, 

te(-To,To) tG(-To,To) 

where D > is an arbitrarily large finite number and S > is an absolute small constant independent 
ofD. 

Then there exists a number d = d{D, S), which depends on D,6 in a non-increasing fashion, such 
that on every subinterval Lq d L of length d, the following estimate holds. 

(3.8) sup \\dt.^A{s)\\c,(i„,Li) ^ sup A[^o(s = 0)](/o) < Cd,5. 

In essence, Theorem ICl is a result of a fairly standard local-in-time analysis of the wave equations 
of (jHPYM|) . However, there is a little twist, which necessitates the extra hypotheses (I3.7|l and 
demands an explanation. Among the equations of (|HPYM[) is an equation for F^q which, unlike the 
other components F^i, is parabolic. As such, smallness of the time interval cannot be utilized to 
solve this equation in a perturbative manneij^. What saves us is the fact that the parabolic equation 
for Fso is covariant, and therefore can be analyzed using the covariant techniques presented in i i4.2l 
The first inequality of p.7p provides the necessary smallness for this analysis, whereas the second 
one is needed to estimate the errors arising from switching covariant derivatives to usual derivatives. 
A rigorous proof will be given in Section [HI 

We are now prepared to give a proof of the Main Theorem, under the assumption that Theorems 
millandlOare true. 



"'^'^In |21j . this issue is bypassed by keeping the lengths of the s- and the time intervals fixed and requiring the size 
of the data to be small by scaling. If one unwinds the scaling, this amounts to taking the length of both the s- and 
the time intervals small. 
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Proof of the Main Theorem, assuming Theorems\^ \B\ anrfO To begin with, let us consider a reg- 
ular initial data set with finite conserved energy, i.e. Ai,Ei are smooth, dxAi, Ei are regular and 
E(F) < oo. Applying Theorem 11.61 to {Ai,Ei), there exists a unique regular solution to (jYMp in 
the temporal gauge on some time interval centered at 0, which we will denote by We will first 
show this solution exists globally in time. 

For the purpose of contradiction, suppose that the solution A^ cannot be extended globally as a 
unique regular solution to (jYMp in the temporal gauge. Then there exists a positive finite number 
< Tq < oo, which is the largest positive number for which the solution A'^^ can be extend as a 
regular solution on {—Tq,Tq). We claim that there exists a finite positive constant C = Cjgjpj j,^, 
which depends only on the initial data and Tq, such that the following inequality holds. 

(3.9) sup ^^T,E[F],To <00- 

Let us complete the proof of the Main Theorem first, under the assumption that the claim is 
true. If the claim were true, then the solution may be extended as a unique regular solution to 
(—To — e, Tg + e) for some e > by Theorem II. 61 which is a contradiction. It follows that Tq = oo, 
and thus A'^^ can be extended globally in time as a unique regular solution to (jYM[) in the temporal 
gauge. Observe that the estimate p.9p still holds for the global solution for every Tq > 0. 

Next, Lemma 13.31 implies that an admissible initial data can be approximated by a sequence 
of regular initial data sets (A(„-)j, i?(„)j). Let us denote the corresponding unique global regular 
solutions by A(„)^. Using Theorem 11.61 repeatedlv (with the help of p. 91) ). the following statement 
may be proved: For every Tq > 0, the sequence of regular solutions A(n)/i restricted to the time 
interval {—Tq,To) is a Cauchy sequence in the topology Ct{{—To,To),H^ <^ L^)- Hence a limit A^ 
exists on {—To,To). Moreover, it is also possible to show that 9tA(„)^ — >• 9(A^ in Ct{{—To,To),L'^). 
Thus it follows that ^4^ is an admissible solution to (jYMI) in the temporal gauge on (— To,To). 
Uniqueness among the class of admissible solutions follows from the corresponding statement for 
regular solutions. As Tq > is arbitrary, is global, and the Main Theorem follows. 

We are only left to establish the claim, which is a rather straightforward application of Theorems 
EimandO First, by scaling, we may assume that ||y4|| < 6p and E[F] < S, i.e. (j3.3p holds. This 
allows us to apply Theorem |X1 from which we obtain a regular gauge transform V and a regular 
solution Aa to (IHPYMp in the caloric-temporal gauge on (-To,To) x x [0,1] such that 
holds. By Theorem iBl along with the estimate for 1(0) in (|3.5I) . we see that 

sup I{t) < EfFl To <°°- 
tG(-To,To) '11'^ 

To use TheoremO let us cover (— Tq, Tq) by subintervals of length d; the number of subintervals 
required can be bounded from above by, say, 10{TQ/d). Applying Theorem [Cl on each subinterval, 
we are led to the estimate 

sup \\dt,xMs)\\ct{Io.Ll) + sup Ao[Ao{s = 0)](/o) < C^^m Tn < °°- 

se[0,l] ' s6[0,l] ' I " 

The only remaining step is to transfer the above estimate to Aj^ ; for this purpose, observe from 
(|3.4p that V satisfies dtV = VAo{s = 0). Using Lemma [3.61 along with the previous estimates for 
Ao and V, we are led to the following estimate for the gauge transform V: 

Here, all norms have been taken over (— TcTq) x M!^. The preceding estimate, applied to the 
formula (13.41) . implies (|3.9p as desired. □ 

4. Preliminaries 

4.1. p- normalized norms and the Correspondence Principle. For the purpose of studying 
parabolic equations, it is quite convenient to utilize norms that are normalized according to the 
scaling properties of these equations. An estimate concerning homogeneous norms can be easily 
translated to the corresponding estimate in terms of the normalized norms, via a simple principle 
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we dub the Correspondence Principle. For a more detailed discussion, we refer the reader to \21\ 
§3.3 - 3.5]; here, we will only give a brief summary which will suffice for the use in the present 
paper. 

The basic idea is that s^^^ scales like x, where s is the time parameter for the parabolic equation. 
Therefore, whatever 'dimension of x' a norm has, we will normalize by compensating it with the 
appropriate factor of s~^^^. 

To be more precise, consider a norm || • ||x defined for functions on R'^, which is homogeneous 
of degree 2£ in the sense that = ^'^'^\\4'{' / ^)\\x ■ This indicates that the norm || • \\x has 

the 'dimension of x^^', and therefore we shall normalize it by multiplying by s~^. Accordingly, we 
define the p-normalization of X at s (denoted by the calligraphic typeface X{s)) as 

Some examples of homogeneous norms which will be p- normalized are L^, -ff™, whose p-normalizations 
will be denoted by >C|(s) and H™(s), respectively. These are, in fact, the only norms whose p- 
normalizations will be considered in this paper. 

A derivative, such as di or D^, has the 'dimension of Therefore, the p-normalizations of di 

and Di at s (denoted by Vi(s) and 'Di{s), respectively) are defined as 

V,(s) V,{s) := s^/^D,. 

An estimate concerning homogeneous norms (e.g. Holder, Sobolev Gagliardo-Nirenberg and etc.) 
naturally leads to a corresponding estimate in terms of the respective p-normalized norms; we will 
refer to this process as the Correspondence Principle. We will not make any effort to formulate a 
rigorous version of the principle, as it would be unpractical and overly complicated; instead, we will 
be satisfied with the following 'cookbook-recipe' type formulation, whose validity should be obvious 
every time the principle is invoked. 

Correspondence Principle. Suppose that we are given an estimate in terms of norms Xi of 
scalar- or g-valued functions Ui ~ (Ji{x), all of which are homogeneous. Suppose furthermore that 
the estimate is scale- invariant, in the sense that both sides transform the same under scaling. 
Starting from such an estimate, make the following substitutions on both sides: 

(j,^G,{s), a, ^V,(s), D, ^I?,(s), X,^X,[s). 

Then the resulting estimate still holds with the same constant for every s Cz J. 

The 'proof of this principle is quite simple; it amounts to the observation that the weight of s 
required to p-normalize each side is the same. 

Next, let us define some norms with respect to the s-variable. Let J C [0, oo) be an interval, and 
consider a measurable function / = /(s) defined on J. For ^ G M and I < p < oo, we define the 
norm £f'P(J) by 

The following lemma, which is nothing but the Holder inequality in the s-variable, is quite useful. 

Lemma 4.1 (Holder for £f'^). Let > 0, 1 < p,p\,p2 < oo and f,g functions on J — (0,so) 

(or J = {0,so]) such that ||/||^«i.pi , ||g|l^*2,P2 < oo. Then we have 

provided that either £ — £-\ -\- £2 arid - = —-{-—, or £ > £■] -\- £0 and ->— + —. In the former 
case, C — 1, while in the latter case, C depends on £ ^ £-\ — £0 and - — ^ —. 

' ' ! f P Pi P2 

Finally, let us consider a mix of the preceding two types of norms. For a function ij) — ^{x, s) 
defined on M'^ x J such that s ||^(s)|l a'(s) is measurable on J, we define the norm £^'PA'(J) to be 

W'^Wci-^'xiJ) '■= \\\\'P{s)\\x{s)\\ci'^^jy 
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In order to derive estimates in terms of such norms, we will often use the Correspondence Principle 
and Lemma l4. II in tandem. Let us demonstrate this with an example. Starting with a homogeneous 
estimate (which follows from Holder and Corollary [ 



||0(ai,a2)|U. < CllfTilUjIlaslUe < C||ai||^4'||D,ai||^4llD,a2|U2, 

applying the Correspondence Principle, taking the £^'^(0, sq) norm and using Lemma |4. 11 we arrive 
at 

where C,i,ii,i2,p,Pi,P2 are as in Lemma |4. II 



4.2. Covariant techniques. Here, we collect some techniques which are applicable to the study of 
covariant parabolic equations. The use of such techniques, instead of those for handling the usual 
scalar heat equation, is the key analytic difference between this paper and |21| . 

Lemma 4.2 (Kato's inequality). Let a be a g-valued function. Then 

(4.1) \dM\<\^x<y\ 

in the distributional sense. 
Proof. Let e > 0. We compute 



d^VMT-e= (;'Pf) < I I . ID..I < |D.a|. 

Testing against a positive test function and taking e — 0, we see that dx\<y\ < |D^ct| in the 
distributional sense. Repeating the same argument to —dx\J (cr, cr) + e, we obtain (|4.ip . □ 

The following Sobolev inequalities for covariant derivatives are easy consequences of Kato's in- 
equality. 

Corollary 4.3 (Sobolev and Gagliardo-Nirenberg inequalities for covariant derivatives). For a 

regular Q-valued function a , the following estimates hold. 

(4.2) ||a|U3 <q|a||^f||DHlif, 

(4.3) Mli < C||D,a|U2, 

(4.4) \\ah^<C\\B,aC^\\-D^^^af/,\ 
Next, consider a inhomogeneous covariant heat equation 

(4.5) (D, - D^D,)a = AA. 

Adapting the usual proof of the energy integral inequality (integration by parts) for the ordi- 
nary heat equation to ()4.5p . we obtain the following gauge-invariant version of the energy integral 
inequality. 

Lemma 4.4 (Energy integral inequality). Let i Cz R, (si,S2] C (0, oo) and suppose that a and Ai 
are 'sufficiently nick^'. Then the following estimate holds. 



^^A sufficient condition for 1 14.611 to hold, which will be verifiable in applications below, is that a is smooth and 
the left-hand side of 1 14.611 is finite. 
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Proof. We will carry out a formal computation, discarding all boundary terms at the spatial infinity 
which arise; it is easy to verify that for 'sufhciently nice' a and Ai, this can be made into a rigorous 
proof. 

Let s e (si, 52]- Taking the bi-invariant inner product of the equation (D^ — D^D£)cr = Af with 
g2£-3/2^ and integrating by parts over (si, s], we arrive at 



J {a, a){s) dx + J' J s'^"'/'(D^a, D^a)(s) dx ^ 



^ 1 ,2^-3/2 f ^^(^^^ dx + {£- 3/4) r j a){s) dx ^ 



H Q 

s^'~^'^{N{s),a{s))dx—. 



Taking the supremum over si < s < S2 and rewriting in terms of p-normalized norms, we obtain 



+ '^)\\cf+':'clisuS2V 

By Holder, Lemma HTTl and Cauchy-Schwarz, the last term can be estimated by ||A/'|j^£+i.i ^ , .+ 
jW'^W'ie.oa r2i 1' where the latter can be absorbed into the left-hand side. Then taking the square 
root of both sides, we obtain (|4.6p . □ 

Proceeding as in the proof of Kato's inequality, we can derive the following parabolic inequality 
for \a\. 

Lemma 4.5 (Bochner-Weitzenbock-type inequality). The following inequality holds in the distri- 
butional sense. 

(4.7) id.-A)\a\<m 

Proof. This lemma was essentially proved in [2 8) ; we shall give a proof nevertheless for completeness. 
Let e > 0. We compute 

1 



ds\/{(T, (t) + e = :(a,D^a), 
V(ct,ct) +e 

A^ia, a)+e = \ ((a, D^D.a) + (DV, D, 



,/(ct,ct) +e V'"' ' ' (CT,cr)-t-e 

Therefore, 

(9. - A)v/(^:^ = , \ ((a,AA) - (DV,D,a) + DV)(a, D,a) 



y^{a, a) + e 

Testing against a positive test function and taking e — 0, we obtain (j4.7p . □ 

The virtue of (|4.7p is that it allows us to use estimates arising from the (standard) heat kernel. 
Before we continue, let us briefly recap the definition and basic properties of the heat kernel. 

Let e"^ denote the solution operator for the free heat equation. It is an integral operator, defined 

by. 



e^^M^) - ^=3 / e-l^-^l /'^V^o(y)cly. 



/ Atts 

The kernel on the right hand side is called the heat kernel on R'^. Using Young's inequality, it is 
easy to derive the following basic inequality for the heat kernel: 
(4.8) lle^^VolUj < Cp..s-3/(2p)+3/(2.)|j^^|j^^^ 
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where 1 < p < r. 

Now consider the initial value problem for the inhomogeneous heat equation (ds — A)'(/; = N. 
Duhamel's principle tells us that this problem can be equivalently formulated in an integral form as 
follows: ^ 

^(s) = e'^tPis = 0) + / e(''-^)^iV(s) ds. 



With these prerequisites, we are ready to derive a simple comparison principle for \a\, along with 
a simple weak maximum principle; both statements are easily proved using basic properties of the 
heat kernel. 

Corollary 4.6. Let a := (t{s = 0). Then the following point-wise inequality holds. 

(4.9) W\ix,s) <e'^\a\ix)+ f\'^'-'^^\Afis)\{x)ds, 

Jo 

As a consequence, the following weak maximum principle holds. 

(4.10) sup |k(s)|U^ < \\ais - 0)||i^^ + / \ms)\\L^ ds. 

0<S<s Jo 



Proof. The first inequality is an immediate consequence of (|4.7|) . Duhamel's principle, and the fact 
that the heat kernel K{x,y) = p^j^pyre"''^"*'' is everywhere positive. The second one follows by 
taking the L^f norm of ((i^ and using (g^. □ 

For later use, we need the following lemma for the Duhamel integral, whose proof utilizes the 
basic inequality (14. 8p for the heat kernel. 



Lemma 4.7. The following estimate holds. 

(4-11) II /'e(^-^^^AA(s)ds||^p^.(o,,^j < Cmcl-^-clio,soV 

<J 

Proof. Unwinding the definitions of p-normalized norms, (|4.1ip is equivalent to 

(4.12) ( / sV^II / e(--)^AA(s)ds||i. <ci sms)\\l. ^ . 

^ Jo Jo * ^ ^ Jo ^ 

Let us put /(s) = s^/^||A/'(s)||ii ; then it suffices to estimate the left-hand side of (|4.12p by 
C||/|l£2('Q By Minkowski and (14.81) . we have 

II f ei^~^)^M{s)dsU.<C (\s^sr^/^(:sfl^f(^)'^ 



Therefore the left-hand side of (|4.12l) is bounded from above by 
Observe that 

sup r s^/\s-l)-^'\lY'^'^<C, sup r sy\s-l)-^'\-sf'^—<C. 
se{o,so]Jo s se{o,so]Js ^ 

Therefore, by Schur's test, (14.131) is estimated by |l/(s)||£2(o,so] as desired. □ 

Finally, we end this section with a simple lemma which is useful for substituting covariant deriva- 
tives by usual derivatives and vice versa. 

Lemma 4.8. For k > I, and a be a multi-index of order k. Then the following schematic algebraic 
identities hold. 

(4.14) D(")fT =di"^<j + Y,OM'''>Adi'^'>A, ■ ■ ■ ,di'^'>A,di''><7), 

(4.15) =D(")a + ^ OM'^'^A di'^'>A, ■ ■ di'^^A, D^a). 
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In both cases, the summation is over all 1 < j < k and < £i, . . . ,£j,i < k — 1 such that 

i+ti + ---lj+l^k. 
Proof. In the case A; = 1, both (|4.14l) and (|4.15p foUow from the simple identity 

Dicr = dia + [Ai.a]. 

The cases of higher k follow from a simple induction argument, using Leibniz's rule. We leave 
the easy detail to the reader. □ 

5. Analysis of covariant parabolic equations 

5.1. Covariant parabolic equations of (jdYMHFp . Let / C M be an interval, and consider a 
smooth solution to the dynamic Yang-Mills heat flow 

(dYMHF) F,^ = D^F,^, ^ = 0, 1, 2, 3, 

on / X M'' X [0, 1]. Note that these equations are a part of (|HPYMp l. 
Let us first derive the following parabolic equation satisfied by F^jj. 

(5.1) D,F^, - D^D.F^, = -2[F^/,F,,]. 
We start with the Bianchi identity 

(5.2) DaFbc + DbFca + DcFab = 0, 

which easily follows from the formula Fab = 9aAb — 9b^a + [^a, ^b]- Taking the case a = s, b = /i 
and c = i^, we arrive at the identity 

■Dfi-^jUI^ -D/l-^SZ^ -Dz^-^S/i- 

Since we are considering a solution to (jdYMHF[) . the right-hand side is equal to D^D^F^i, — 
D^D^F^p. Commuting the covariant derivatives and applying 

(which is again a consequence of the Bianchi identity) we arrive at (jS.ip . 

Next, let us derive covariant parabolic equations satisfied by higher covariant derivatives of F. 
Given a g- valued tensor B, we compute 

D,D,B - D.D^D^B =T>sT>^B - D^D,D,B - 2[F/, D,B]. 

Concisely, [Di,Ds — D^D^Ji? — 0{F,'DxB). Using this, it is not difficult to prove the following 
proposition. 

Proposition 5.1 (Covariant parabolic equations of (IdYMHFj) ). Let Aa be a solution to (j dYMHF p . 

Then the curvature 2- form Ff^^, satisfies the following parabolic equation. 

(5.3) (D,-D^D,)F,,, = -2[F^^F,,]. 

The covariant derivatives of F^i, satisfy the following schematic equation. 

k 

(5.4) (D, - D^D£)(dWf) ^ ©(D^-'^F, T)^^-^^Y). 

Proceeding in the same manner for a solution Aa (a = x^,x'^,x^, s) to (jcYMHFp . we may derive 

(k) 

the following equation for Dx Fij : 

k 

(5.5) (D, - D^D,)(dWf) = ^0(D«F,Dr^-)F). 



^*One could say that these are parabolic equations of the HyperboUc-ParafioKc- Yang-Mills system. 
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5.2. Estimates for the covariant parabolic equations. Let us fix a time t ^ I. Let us denote 
the Yang-Mills energy of F(<) at s = by E(t), i.e. 



m E[F(i,s = 0)] = J2 s = 0)1 



2 

2 II ^ V' ^ II ■ 



Recall that Vi :~ s^/^D^. The following proposition, which is proved by applying covariant 
techniques to (|5.4p . is the analytic heart of this paper. 



Proposition 5.2 (Covariant parabolic estimates for F). Let I C R be an interval, and t G I. 
Suppose that Ag^ is a smooth solution to (jdYMHFp on / x K."^ x [0, 1] such that F = Ffj_i, is regular 
on I X M.^ X [0, 1]. There exists 6 > such that if E(i) < S, then the following estimate holds for 
each integer k > I. 



(5.6) ||I?('=-i)F(i)||^3/4.o„^,(„^^, + ||Pi'=)F(t)|1^3/4,.^,(g_^, < Ck,Eit) ■ Vm- 

Proof. Let us start with the cases k — 1,2. Let s G (0,1]. Applying the energy integral estimate 
(gH) with £ = 3/4 to dO]) and and ^ = 3/4 + 1/2 to dM]) for D^F, we have 



||F||^3/4.o.^2(P^^ + l|25a;F||^3/4,2_^2^g^^ < CVE + C||C'(F,F)||^3/4 + l,l£2(0^s]- 

||2?^F||^3/4.oo^2(0,^ + ll^i^^F|l£^/*-^£2(0,^ < C||I?^F||^3/4.2^,(p^^ +C|10(I?^F,F)||^3/4+l,l_^2((j^^. 

No term at s = arises for the second estimate, as we have liminfs^o xF(s)||£2(-s-) = for 

a regular F. 

Combining the two inequalities, we obtain 

B2{s) < CVe + C{\\0{F, F)||^3/4+.,4£,(„_^ + \\0{V^F, F)||^3/4+4,.^,(„^^). 

where 



k=l,2 

Using Holder and CoroUarv 14.31 we see that 



\\0{ai,a2)\\Ll < C\\ai\\li^\\B^ai\\l{^\\B^,a2\\Ll- 
By the Correspondence Principle, Lemma [4. II and the fact that s < 1, we have 

||0(F,F)|L3/4+i,i^2,n , <Cs^^Hf\\^{)^^ WV^Ffi)^^ <CB2{sf 
Similarly, we also have 

\\0{V^F, F)||^3/4+i,i^2(o,^ <CB2{sf. 



Therefore, we obtain a bound of the form B2{s) < CVF + CB2{s)'^ , for every s € (0, 1]. Then by 
a simple bootstrap argument, the bound ^62(1) < CVF follows, which implies the desired estimate. 

Let us turn to the case A: > 3, which is proved by induction. Fix k > 3, and suppose, for the 
purpose of induction, that ()5.6p holds for up to A; — 1. That is, defining 



fc-i 

we will assume that Bk-i < Ck.E ■ VF- 

Applying the energy integral estimate (|4.6p with £ = j + to (15. 4p for 'Oi^ ^■'f, wc obtain 

||I?i''^-l)F||^3/4,.^,+||PWF||^3/4,2^, < C||P(^--l)F||^ 

j=0 

where we used the fact that liminf^^o s^^*\\'^x'^^^F{s)\\£2^g^ = 0. 
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The first term is bounded by Bk^i; therefore, (|5.6|) for k will follow once we establish 

k-l 

(5.7) l|0(2?i^'^F,I?('=-i--'-)F)||^3/4..a^, < CBU. 

By Leibniz's rule, we see that (|5.7p follows once we establish the estimates 



(5.8) 



|0(2?,Gi,I?,G2)|L3/4+i,v, <CBl 



2 



||0(Gi,2?i2)G2)|L3/4+i,v2 + ||0(I?i'^Gi,G2)|L3/4+i,i^2 < 



for any g- valued 2-forms G^ = Gi{x,s). Note that these roughly correspond to the case A; = 3 of 

Using the Correspondence Principle, Lemma [4.11 and recalling the definition of Bk~i, it suffices 
to prove the estimates 

||0(D.ai,D,a2)||i. <G||D,f7i||^f||D(2)ai||^(2||Di2)a2|U., 
||0(ai,Dfa2)||i. <G||D.ai||i^||D(2)ai||^(2||Dfa2|U.. 

The former is an easy consequence of Holder, (|4.2p and (|4.3p . whereas the latter is proved similarly 
by applying Holder, (ji^l) and □ 

Recalling Fs,y = D^F^^, we obtain the following estimates for Fg,^. 

Corollary 5.3. Under the same hypotheses as Proposition \5.'A the following estimates hold for 
every integer k > 0. 

(5.9) ll^i'^F,||^5/4.oo^,(g^^, + l!2?i'^r,|!^5/4,.^,(o,i] ^^fe.E • Ve, 

(5.10) ll^i'^F«ll£=/^-£~(o,i] + ll^i"F,||^5/4,.^^(o,i] ^C-fe.E • Ve. 



Proof. The i^-type estimate ()5.9p follows immediately from Proposition 15.21 bv the relation Fgi, — 
T>^Fe^. The i°°-type estimate ([5T0| then follows from ([5^ by (|44| of CoroUarv 1431 (covariant 
Gagliardo-Nirenberg) and the Correspondence Principle. □ 

The above discussion may be easily restricted to spatial connection 1-form Ai satisfying (jcYMHFI) . 
Given a spatial 2-form F = Fij {i,j = 1, 2, 3), let us define the magnetic energy B[_F] by 



|2 

Repeating the proof of Proposition 15. 2[ the following proposition easily follows. 

Proposition 5.4 (Covariant parabolic estimates for F). Let S > be as in Provosition \5.2\ and 
consider a smooth solution (A^, Ag) to the covariant Yang-Mills heat flow Fgi — D^Fn on x [0, 1] 
such that F = F^ is regular on R'^ x [0, 1]. // B :~ B[i<"(s = 0)] < 5, then the following estimate 
holds for every integer fc > 1 . 

(5.11) ll^i'"'^^ll£^/^-£^(0,l] + ll^^'^^ll£r'^£^(0,l] ^ ^fc.B • V^. 

6. Analysis of Yang-Mills heat flows in the caloric gauge 

6.1. Analysis of the Yang-Mills heat flow. In this subsection, we will consider the following 
IVP for (jcYMHFI) in the caloric gauge A^ = 0, for sq > 0. 

idsA.^-D^Fu, onM3x[0,so] 
\a,{s = Q)^A,. 

As this system is simply the original Yang-Mills heat flow (jYMHPp . we will refer to it simply 
as (jYMHPp . We will mainly be concerned with the class of regular initial data sets and regular 
solutions to ()YMHF[) . which are defined as follows. 
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Definition 6.1. We say that a connection 1-forni Ai on M"^ is a regular initial data set for (jYMHF[) 
if dxAi is regular on M"^. Furthermore, we say that a smooth solution Ai to (|YMHFp defined on 
R'^ X [0, So] is a regular solution to (jYMHFp if d^Ai is regular on M'^ x [0, sq]. 

Our immediate goal is to establish a local well-posedness theorem (Theorem 16. 5|) . where the 
interval of existence depends only on the magnetic energy B[_F] of the initial data. The starting 
point of our analysis is Theorem C from [21], which is a iJ^ local existence statement. We restate 
the theorem below for the convenience of the reader. 

Theorem 6.2 ([HI Theorem C]). Consider the above IVP for (|YMHF|) with initial data A, G 
at s = 0. 

(1) There exists a numbers* — s*(||yl.||^i) > 0, non-increasing in such that there exists 
a solution Ai e Cs([0, s*], i/^) to the IVP satisfying 

(6.1) sup \\A{s)\\^,<C\\A\\^,. 

s6[0,s'] 

(2) Let Ai G ij^ be another initial data set such that \\ A ||^i < and A'i the corresponding 
solution to the IVP on [0,s*] given in (1). Then the following estimate for the difference 
5A:= A - A' holds. 

(6.2) sup \\d,{5A){s)\\^, <C\\5A\\fj,. 

se[o,s*] 

(3) If Ai is smooth and dxAi, Fij := diAj — djAi + [Ai^Aj] are regular, then the solution 
Ai = Ai{x,s) given in (1) is smooth and dxAi, Fij are regular on [0,s*]. Furthermore, if 
Ai(t) (t ^ I) is a one parameter family of initial data such that dt^xAi, Fij are regular on 
I X R-^, then Ai = Ai(t, x, s) is smooth and dt.xAi, Fij are regular on I x M.^ x [0, s*]. 

According to our definition, the first statement of Part (3) of Theorem 16.21 states that if Ai is a 
regular initial data set for (jYMHFp . then there exists a solution Ai to (jYMHFp which is regular in 
the sense of Definition 16.11 

Remark 6.3 (Remark on the proof of Theorem 16. 2p . Let us return to the perspective of viewing 
(jYMHFp as the system (jcYMHFp with the caloric gauge condition imposed. The problem with the 
caloric gauge is that the equations for Ai are not strictly parabolic, but only weakly-parabolic. As 
discussed in the introduction, we can make the system (jcYMHFp strictly parabolic by choosing a 
different gauge, namely the DeTurck gauge As = d^Ag. Local well-posedness for data (on some 
s-interval [0, s*]) then follows by a rather standard parabolic theory. To come back to the caloric 
gauge As = 0, however, we must perform a gauge transform. The desired gauge transform can be 
obtained by solving the following ODE. 

dsU ^UAs onR3x[0,s*], 
U{s = 0) =Id. 

This ODE can be easily derived by the gauge transform formula As = UAgU^^ — dsUU^^ . The 
initial condition [/(s = 0) = Id has been chosen to leave the initial data the same. It is then possible 
to show that the gauge transform is bounded on Cs([0, s*], iJ^), which proves Theorem 16.21 

We add that this procedure ends up being the standard DeTurck trick, as in [7], applied to 
(jYMHFp . 

As a first step, we complement Theorem 16 . 2 1 with the following uniqueness statement in the class 
of regular solutions. 

Lemma 6.4 (Uniqueness of regular solution to (jYMHFp ). Let Ai,A'i he two regular solutions to 
(jYMHFp on a common s-interval J = [0, sq]- If their initial data coincide, i.e. Ai = Ai, then so do 
the solutions, i.e. Ai — A^. 
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Proof. By taking the difference between the parabohc equations satisfiesd by Fij and F^^ , we obtain 
the following equation for SFij — Fij — F[j : 

(6.3) (a. - D^D,)(<5F,,) = ~2[F,',5F,,] - 2[SF/,f;,] + ((JD^D,)^;., 
where ST)^T)i is defined by 

(5D^D^)B := 2[SA'^,deB] + [d\SAe),B] + [A^ [SAe,B]] + [M^ 
Next, recall that F^i = D^Fa satisfies the equation 

{ds~-D'-D,)Fs^^~2[Fj,Fa]. 
Taking the difference between the equations for Fsi and F^^, we obtain 

(6.4) ids - T>'B,){6Fs.) = -2[Fj,6Fu] - 2[6FJ,FI,] + {6B''D,)Fi^. 
As Fsi — dgAi, we have 

(6.5) d,{SA,) = SF,,. 

Finally, thanks to the special identity D^Fge — 0, we have the following equation for d''{SA(i). 

(6.6) d,d\6Ae) = SF^i] - [6A\ F'J. 
Now for each s G J, let us define 6B{s) to be 

6Bis) :=meLK(^\\SA{s)\\L^ + \\d\SA)e{s)\\L^ + \\SF,,{s)\\l^. + \\SF,,^^^^^ 

Let e > 0. Applying the weak maximum principle (|4.10p of Corollary 14.61 to ()6.3p . (j6.4p and 
integrating (|6.5p . (|6.6p . for each s e [0, sq — e] we arrive at 

dB{s)<5B{0) + {C + C^) f dB{s)ds. 

Jo 

where 

C = max(||A,||L~ + H^^yllL- + ll^^s^lUr )' 

with all norms taken over / x x [0, sq — e]. Note that C < oo, since A^, are regular. Then as 
6B{0) = 0, by Gronwall's inequality, it follows that SB{s) = for all [0,sq — e]. Taking e — )■ 0, we 
see that = on / x x [0, sq). □ 

Theorem 6.5 (Improved local well-posedness for (lYMHFI) '). Consider the above IVP for (jYMHF[) 
with a regular initial data set Ai (in the sense of Definition \6.l\) . Suppose furthermore that Fij :— 
diAj — djAi + [yli, Aj] belongs to and the norm is sufficiently small, i.e. 

B[F] = ^-j2m,\\i.^<s, 

i<j 

where 6 > is the the positive number as in Proposition 1 5. 2[ 

Then there exists a unique regular solution Ai to the IVP on R'^ x [0, 1] . Furthermore, this solution 
has the additional property that Fij is regular on R'^ x [0, 1]. 

Remark 6.6. Other constituents of a local well-posedness statement, such as continuous dependence 
on the data, can be proved by a minor modification of the proof below. Also, the statement can be 
extended to a rougher class of initial data and solutions by an approximation argument. We shall 
not provide proofs for these as they are not needed in the sequel; we welcome the interested reader 
to fill in the details. 



Proof. By Theorem 16.21 and Lemma 16.41 there exists s* > such that a unique regular solution Ai 
to the IVP for (jYMHFp exists on [0, s*] and obeys 

(6.7) sup \\A{s)Ue<C sup \\A{s)\\^,<C\\A\\^,. 

0<s<s* 0<s<s* 

We remark that the first inequality holds by Sobolev embedding. 
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Let US denote by Smax the largest s-parameter for which Ai extends as a unique regular solution 
on [0, Smax)- We claim that under the hypothesis that B[-F] < S, the following statement holds: 

(6.8) If Smax < 1 then sup < oo. 

sG[0,s„ax) 

If this claim were true, then we may apply Theorem 16.21 and Lemma 16.41 to extend Ai past Smax 
if Smax < 1- Therefore, it would follow that Smax > 1- 

Let us establish (|6.8p . The first step is to show that ||yl(s)||^6 does not blow up on [0, Smax)- By 
(|6.7p . it suffices to restrict our attention to s > s*; therefore, s G (s*,Smax)- Since Smax ^ 1, by 
Proposition [5]4] and Corollary 14.31 we see that 

\\dsA{s)\\Le = ||D^F,,(s)|li6 < s-^Cb • VB. 

Integrating from s = s* and using (j6.7p . we arrive a10 

(6.9) sup \\A{s)\\Le<\\A\\^i+CB-\\ogs*\VB<oo. 

S* <S<Smax ' ^ 

Next, let us show that zvi does not blow up on [0,Smax)- Agahi, it suffices to consider 

a:: 

s S (s*, Smax)- Rccall that Dx'D^Fei — dx'D^Fu + [A, D^Fu]; thus by triangle and Holder, 
\\dsA{s)\\fj, < \\T>xB'Fu{s)\\L'^+\\A{s)Ue\\T>'Fu{s)\\L^. 
Using Proposition 15.41 and Corollary 14. 3[ we obtain 

\\dsAis)\\jf, <s-^Cb-Vb + s-^^^C-b-Vb( sup \\A{s)\\Le). 

Recalling (|6.8p and integrating from s*, we see that supg*^^^^^^^^ II^jIIhi < oo, as desired. □ 

For any regular initial data with finite magnetic energy, we can use scaling to make B(s — 0) < S; 
thus. Theorem 16.51 applies also to initial data with large magnetic energy. Furthermore, using the 
fact that the magnetic energy B(s) is non- increasing in s under the Yang-Mills heat flow (which 
is formally obvious, as the Yang-Mills heat flow is the gradient flow of B; see [22]), we can in fact 
iterate Theorem 16.51 to obtain a unique global solution to the IVP, leading to an independent proof 
of the following classical result of [22j . 

Corollary 6.7 (Rade [22j). Consider the IVP for (|YMHFp with a regular initial data set Ai which 
possesses finite magnetic energy, i.e. B[_F] :— (1/2) ^j^^ ll^ijlU^ < oo. Then there exists a unique 
global regular solution Ai to the IVP on R"^ x [0, oo), with the additional property that Fij is regular 
on ]R3 X [0,oo). 

6.2. Analysis of the dynamic Yang-Mills heat flow in the caloric gauge. Hereafter, we 
shall study the dynamic Yang-Mills heat flow (jdYMHF[) in the caloric gauge Ag = Q. Writing out 
the left-hand side of (|dYMHF|) . we obtain 

(6.10) dsA^^Ti'Fi^, = 0,1, 2, 3. 

Let / C M be an interval. We wfll study the IVP associated to (I5TU|) on / x x [0, 1], with the 
initial data given by 

(6.11) A^,{t,x,{)) ^^f,{t,x) on/xR3. 

As in §6.11 we will be focusing on regular initial data sets and solutions to ()6.10[) , whose definitions 
we give below. 

Definition 6.8. Let J C R be an interval. We say that a connection 1-form A^ = Afj,{t,x) defined 
on / X R'^ is a regular initial data set for (jdYMHPp in the caloric gauge if dt,xAi is regular on / x R"^. 
Furthermore, we say that a smooth solution A^^ to (|6.10p defined on / x R'^ x [0, sq] is a regular 
solution to (jdYMHPp in the caloric gauge if dt^xAf^ is regular on / x R"^ x [0, sq]. 

We begin with a uniqueness lemma for a regular solution to (jdYMHFP in the caloric gauge. 



Note that integrating from s* allows us to bypass the issue of logarithmic divergence at s = 0. 
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Lemma 6.9 (Uniqueness of regular solution to (jdYMHFp in the ealoric gauge). Let A^, A'^ be two 

regular solutions to (jdYMHFp in the caloric gauge on / x M"^ x [0, sq] for some / C K. and sq > 0. 
If their initial data coincide, i.e. A^{s = 0) = A'^is — 0) on I x M.^ , then so do the solutions, i.e. 
A^^ A'^ on I xM!^ X [0, sq] . 

Proof. Note that the spatial components Ai{t) satisfy (jYMHF[) for each fixed t; therefore, by Lemma 
16.41 it follows that Ai — A[. As a consequence, we are only left to show Aq — A'q. 

As we already know that Ai = A'^, observe that SFqi — Foi — Fq^ now obeys the simple equation 

Note furthermore that SFoi{s = 0) = 0. Applying the weak maximum principle ()4.10p and using 
the Gronwall's inequality as before, we see that Foi — Fq^ on J x R"^ x [0, sq). Then, by the dynamic 
Yang-Mills heat flow, dgAo = D^Fio = OsAq everywhere. Since Ao{s = 0) = ylQ(s = 0), it follows 
that Aq = A'q on I X M.^ X [0, so)i which concludes the proof. □ 

We end this section with a 'well-posedness statement' (by which we mean existence and uniqueness 
here) for the IVP for (jdYMHPp in the caloric gauge with regular initial data set possessing finite 
energ}0E[O] < oo. 

Theorem 6.10 (Local well-posedness for ()dYMHF[) in the caloric gauge). Let I cM. be an interval 
and consider the above IVP for (jdYMHFp in the caloric gauge with a regular initial data set A^ ( in 
the sense of DeHnition l 6. 8\) . Suppose furthermore that Aq G L^L^, F :— 9^^^— A^] G 
L'^L^, and the energy is uniformly small on I, i.e. 




where 6 > is the the positive number as in Provosition \5.2l 

Then there exists a unique regular solution Ap, to the IVP on I x X [0,1]. Furthermore, this 
solution has the additional property that Aq G C^^{I x [0, 1], L^) and Ffj_i, is regular on / x R"^ x [0, 1]. 

Proof. As in the proof of Lemma 16. 9[ we begin with the observation that the spatial components 
A,(t) satisfy (|YMHF|) for each fixed t. Observe furthermore that B[F{t)] < E[F(t)] < 5, where 
(5 > is the common small constant occurring in Propositions 15.21 and 15.41 Repeating the proof of 
Theorem 16.51 (but this time making use of the second statement of Part (3) of Theorem 16. 2p . we 
obtain a smooth spatial 1-form Ai on / X R3 X [0, 1] solving (|YMHFj) for each fixed t, such that 
dt,xAi, Fij are regular on / x R"^ x [0, 1]. At this point, we are left to solve for Aq, making use of 
the equation 

(6.12) dsAo = T>'Fm. 

Here, we follow Step 1 of 21, Proof of Theorem A]. Note that Foi satisfies the covariant parabolic 
equation 

(6.13) dsFo, - B'BiFo, = 2[F/, Foi] 

Since Ai and Fij have already been solved, we may view this as a linear system of parabolic 
equation for Foi with smooth coefficients, which should be amenable to standard techniques. Indeed, 
applying 21, Proposition 5.6], there exists a unique regular solution F^^ = — -F/q to (|6.13p on 
/ X R-'' X [0, 1] with F^^{s = 0) = Foi. Then motivated by (|ST^ . we extend Aq to Aq on / x R^ x [0, 1] 
by solving 

dsAa = D^F/o on / x R^ x [0, 1], 
Ao{s ^0) ^Ao on/xR^ 
By construction, it is easy to verify that Aq is smooth, dt.xAo is regular and G C^^{I x 
[0,1], L^). With Aq defined on / x R'^ x [0,1], we may define the curvature components Foi = 
doAi — diAa + [AQ,Ai] and ask whether Foi = Fq^. This is indeed the case, by [211 Lemma 6.1], 



The theorem itself concerns the case of small energy, but by scaling, of course, the theorem extends to the large 
energy case as well. 
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from which it follows that Aq satisfies (|6.f 2|) . Combined with Lemma TG.Q) we conclude that is 
the desired solution to (jdYMHFj) in the caloric gauge. □ 

6.3. Substitution of covariant derivatives by usual derivatives. At several points below, we 
will need to transfer estimates for covariant derivatives to the corresponding estimates for usual 
derivatives. The purpose of this part is to develop a general technique for carrying out such proce- 
dures. Our starting point is the following proposition, which concerns estimates for the norm 
of A. 

To state the following proposition, we need the following definition. 

31 

In fact, this is a part of a larger norm whose definition will be given in Section[71 

Proposition 6.11. Let I C M. be an interval, t E I , and consider a regular solution to (jdYMHFp 
in the caloric gauge = on J x x [0, 1]. Suppose that F = F^i^ is regular on I x M.'^ x [0, 1], 
and E(t) :— E[F(t, s ~ 0)] < S, where S > is the small constant in Provosition \ 5.'A Then the 
following estimate holds for all < k < 29. 

(6.14) w^i''^ Mm cv^.^cr ^0,1] ^ ^-'^+Gfe,E(t),(A)i(t) • Vm- 

Proof. Henceforth, we shall fix i e / and omit writing t. By the caloric gauge condition As = 0, 
we have the relation dsAi, — Fsi^, where the latter can be controlled by CoroUarv 15.31 Observe 
furthermore that 

for < fc < 29, by Sobolev (or Gagliardo-Nirenberg). Now, the idea is to use the fundamental 
theorem of calculus of control di'^^ A{s) for < s < 1. 

We will proceed by induction on k. Let us start with the case fc = 0. By the fundamental theorem 
of calculus and Minkowski's inequality, we have 

s'/^A{s)\U^<s'^^A\\l^+ f\s/sr^\s'nFsis')U^^. 

J s ^ 

As remarked earlier, the first term on the right-hand side may be estimated by -'I uniformly in 
s G (0, 1]. For the second term, we apply (|5.10|) of Corollary 15. 31 and estimate (s')^/'*||Fs(s')||l~ by 
Ck.E ■ \/E. The case fc = of (16.141) follows, since 



sup 



\s/s'f/^^<C <oo. 



a<s<iJs s 

Next, for the purpose of induction, assume that (|6.14p holds for 0, 1, . . . , fc — 1, where 1 < fc < 29. 
Taking di''^ oi d^A^ = Fs^, using the fundamental theorem of calculus, Minkowski's inequality and 
multiplying both sides by si/4+fc/2^ arrive at 



Once we establish 
(6.15) sup |1//4vWf,|Uoo < C,.E,(A)i • Ve, 

0<s<l 

then proceeding as in the previous case, (j6.14l) for fc will follow, which completes the induction. 

Fix < s < 1. Applying (|4.15l) of Lemma [4.81 and multiplying both sides by s5/4+fe/2^ 
that 

s^/4v«F,(.s) = s5/4pWp^(^,) ^ J2 sJ"/4o(si/4v(^i)^^ ... ^ fii/^vi^^-)^, //^Pi^^F,), 
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where the range of the summation is as specified in Lemma [4.81 Let us take the LJ^-norm of both 
sides; by the triangle inequality and (|5.10|) of Corollary 15. 31 it suffices to control 

for each summand of Let us throw away the extra power s-'/^ (which is okay as < s < 1) F^. 
Observe that < £i, ■ ■ ■ ,£j < fc — 1; therefore, by the induction hypothesis, we have 

Note furthermore that \\s^/'^vIc^^Fs{s)\\l^ < d^E ■ by Corollary[01 Hence, by Holder, each 
summand may be estimated by Cj, e (a)x, and thus ()6.15p follows. □ 

As a consequence, we obtain the following corollary which allows us to easily switch estimates 
for covariant derivatives to those for usual derivatives. 

Corollary 6.12 (Substitution of covariant derivatives by usual derivatives). Assume that the hy- 
potheses of Proposition \6.11\ holds. Let a be a Q-valued function on {t} (0, 1], m > an 
integer, b>0,l<p,r<oo. Suppose that there exists D > such that the estimate 

(6.16) llpWall^..,^^ < D 
holds for < k < m. Then we have 

(6.17) l|VWa||^.,P^. <C(.,:,(,),EW^ 
for < fc < min(m, 30). 

Proof. We will again omit t in this proof. The case fc = is obvious; we thus fix 1 < fc < min(m, 30). 
Using (I4.15P of Lemma 14.81 to a and multiplying by s''+'^'/2 ^ -^^g gg^ 



vWa(,s) = .s''p(^-V(,s) + J2 s-''/*0(si/4v(^iU(s), • • • , s'/^Vi''^A{s), s'vi'^ais)), 



where the range of summation is as specified in Lemma 14.81 Taking the C^C^ norm of both 
sides, applying triangle and using ()6.16p to estimate Ws^'vi''^ a{s)\\cpc'- — ll^'i'^^f'll^''. P£r < D, we 
are left to establish 

(6.18) s^/'\\0{s^/'\/i'^^A{s),--- ,s'/'\/i'^^A{s),s'vi'^a{^^^^^ 

for each summand in Note that we have an extra power of s-'/^, which we can just throw away 
(as < s < 1). Let us use Holder to put each s^/^S/i^''^ A{s) in LfC^ and s''I?i^V(s) in CpC^. 
Then using Proposition 16.111 (This is possible since fc < 30) and (|6.16p to control the respective 
norms, we obtain (|6.18p . □ 

7. Transformation to the caloric-temporal gauge and estimates at t — 0: 

Proof of Theorem [Xl 

The purpose of this section is to prove Theorem [X] Let us begin by giving the precise definition 
of the norm I{t), which was alluded in Section |31 

For a solution A^ to pPYMp on / x x [0, 1], define I{t) (^=)l(i) + (^)Z(t) {t e I), where 

10 

(^=)l(0 [l|V*,.F,(i)||^5/4,o.^.-, + ||Vi,,F,(t)||^5/4,.^.-,], 

fe=i 

31 

(^)I(O :=^||ft,.A(t)||^.-.. 
fe=i 

A key ingredient for proving Theorem |A] is Theorem l6.101 which has been proved in the previous 
section. The remaining analytic drudgery, on the other hand, is mostly contained in 1211 Theorem 



'^"'^We gain an extra power of s'^/* for each factor of Ai replacing di, thanks to the subcriticaUty of the problem at 
hand. 
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A]. Let us give a simplified version of [2TJ Theorem A], wliicli suffices for our purpose and can be 
easily read off from the original version. 

Theorem 7.1 ([211 Theorem A], simplified). Let < T < 1, and Aj^ a regular solution to (jYMp 
in the temporal gauge Aq ^ on {—T.T) x M'^ with the initial data [Ai,Ei) at t = 0. Define 
I:^\\A\\h.+\\E\\li- If 

(7.1) sup \\A\t)\\fj,<5p 

t&{-T,T) 

where 6p is a small absolute constant, then the following statements hold. 

(1) There exists a regular gauge transform V = V{t,x) on (—T,T) x R'^ (in the sense of Defi- 
nition [STS]) and a regular solution yla to (IHPYMp such that 

(7.2) A^is = 0) = ViAl)V-'~d^VV-\ 

(2) Furthermore, the solution satisfies the caloric-temporal gauge condition, i.e. As ~ 
everywhere and — 0. 

(3) The following initial data estimate holds. 

1(0) <C^-I. 

(4) For V :=V{t = 0), the following estimates hold. 

\\V\\l^ < Cj, \\d.MLl + Wdi'^Vhi <Cj-T. 

The same estimates with V replaced by V , respectively, also hold. 

With Theorem 17. II in hand, we are ready to give a proof of 1X1 

Proof of Theorem [31 We begin with a regular solution Aj^ to the hyperbolic Yang- Mills equations 
in the temporal gauge, defined on {~To,Tq) x R^. Thanks to the regularity assumption, note that 
dt^^Al and F^, are regular on (-To, To) x M^. 

Step 1. Construction of regular solution to (jHPYM|) in caloric-temporal gauge. Recall the hy- 
pothesis p.3p . By smoothness in t and conservation of energy, respectively, it follows that 

(7.3) sup < ,5p, sup E[Ft(t)]<5, 

te(-eo,eo) te(-To,To) 

for some small eq > 0. The second smallness condition allows us to apply Theorem l6.10l from which 
we obtain a unique regular solution A^ to (|6.10p on (— To,ro) x x [0, 1]. 

Supplied with As = 0, = {A^, As) is a solution to (|HPYMp . We will apply a gauge transform 
V = V{t, X, s) to Aa to enforce the caloric-temporal gauge condition. Let us denote the resulting 
connection coeffients Aa, i.e. 

A^-.^VA^V-^ -daVV-\ 

In order for A^ to be in the caloric-temporal gauge, we need a gauge transform V which is A) 
independent of s (to keep As = 0) and B) makes Af^ — 0. These two requirements are in fact 
equivalent (once one assumes enough regularity of V) to V solving the ODE 

{dtV = VA,, 

\ v(t = 0) = F, 

where Aq :— Aq{s = 1) and is a gauge transform on M? , to be specified in Step 2 in accordance 
to Theorem O 

Step 2. Application of Theorem \ 7. 1\ 

The next step of the proof is to apply Theorem 17.11 to choose V and furthermore obtain a 
quantitative estimate for '^—^1(0). Thanks to the first inequality of (|7.3p . we may apply Theorem 
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17. li on the time interval (— eo, eo). Let us mark the objects obtained from Theorem 17. II with a prime, 
i.e. A'^, V and v' . Consider A'^ = ^^(t, s) defined by 

A'^ := iVT'A'^V'-d.iVT'V, 

where we remind the reader that V' = V'{t,x), {V')~^ — {V')^^{t,x) are independent of s. 

Note that A'^ is a regular solution to (jdYMHFp in the caloric gauge, as is A^. Moreover, their 
initial data sets coincide (both being Aj^). By the uniqueness lemma fLemma l6.9p . we conclude that 
Afj_ = A'^ on the set on which is defined, i.e. 

A, = ivr'A'^V'^d,iVT'V' 
on (—60, eo) X R-^ X [0, 1]. As A^ — 0, we also sec that 

r dtV = y'lo, 
\v'it = o) = v'. 

on (-60, eo) X M^. 

At this point, let us make the choice V = V . Then the previous ODE is exactly that satisfied 
by V. Therefore, by uniqueness for ODE with smooth coefficients, V — V' on (— eo,eo) x M'^, and 
hence we conclude that 

on (—60, eo) X K"^ X [0,1]. From Parts (3), (4) of Theorem 17.1) the quantitative estimates in p.Sp 
follow. Moreover, it is not difficult to show that y is a regular gauge transform on (—To, To) x M.^. 
It also follows that dt,xAfi and F^j^ are regular on (— To,To) x M'^ x [0,1], since A^ and were 
regular. This completes the proof of Theorem 1X1 □ 

8. Fixed-time estimates by E : Proof of Theorem [B] 

Our aim in this section is to prove Theorem [H Splitting I{t) = ^A)x(t) + '^^' '>I{t), we will reduce 
the theorem to establishing two inequalities, namely (jS.ip and ()8.6p of Propositions 18.11 and 18.2) 
respectively. 

Throughout this section, we will be concerned with a regular solution A^ to (jHPYM[) in the 
caloric-temporal gauge on (-To, Tq) x x [0, 1] (To > 0), which satisfies T(0) = (^)T(O) + (^=)T(0) < 
oo and E[r] < oo. Then by conservation of energy for the hyperbolic Yang-Mills equations at s = 0, 
we see that 

E[F(i, s = 0)] = E[F] Vte(-To,To). 
We will denote the common value of E[F(t, s = 0)] by E. 
Proposition 8.1. There exist^ N > such that for any t G (—To, To), we have 

(8.1) ^^'l(0<C(A)x(o).E(l + |i|)^. 

Proof. By symmetry, it suffices to consider t > 0. The main idea is to use the relation 

(8.2) = dtA,, 

which holds thanks to the fact that we are in the temporal gauge Aq = along s = 1, and proceed 
as in the proof of Proposition 16.111 

Let us begin by estimating the norms. We claim that 

(8.3) Wdi^'^AimL^ < Cfc,<.,x(o),E (1 + 0'+'- 
for < fc < 29. 

Let us begin with the case k = and proceed by induction. Note the inequality 

\\AM\l^ < WMt = 0)11,.^^ + r \\e,s')\\l^ dt'. 



■^■^In the course of the proof, it will be clear that TV may be chosen to depend only on the number of derivatives 
of controlled. In our case, in which we control up to 31 derivatives of A^, we may choose N = 32. 
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Using Proposition 15. 2[ we may estimate the last term by Ce t; from this, the fc = case of (|8.3p 
fohows. 

Next, to carry out the induction, let us assume that (|8.3|) holds for 0, 1, . . . , fc — 1, where 1 < fc < 
29. Taking di''^ of both sides of (IH2|) and using the fundamental theorem of calculus, we obtain 



The first term is estimated by 'Z(t = 0), as 1 < /c < 29. For the second term, we apply (|4.15p 
of Lemma 14.81 Then it suffices to estimate 

/' (||D«£o,(i')||L,~ + E \\0{di'^^A, di'^^A, DW£„,)(t')||L,^) dt' 

where the range of the summation is as in Lemma [4.81 In particular, £i, . . . ,£j,£ < k — 1. Let 
us use Holder to estimate each factor in L^, and estimate the derivatives of A and Fg, by the 
induction hypothesis and Propostion l5.2| respectively. Then it is not difficult to see that the worst 
term (in terms of growth in t) is of the size 

Ck.(A)I{0),E / (1 + d<' = Cfe,(A)x(o).E(l + ^)'''^^- 

Jq 

Therefore, (|8.3p for k follows. By induction, this establishes the claim. 
With (|8.3p in hand, we now proceed to prove 

(8.4) Wdi'^AmLl < C,,(A,x(o),E (1 + t)'+\ 
for 1 < fc < 31. 

Arguing as in the proof of (|8.3p , we arrive at the inequality 

liai'=U.(i)llL^<lia«A.(t = o)|U. 

{\\Bi^^EoS')\\Ll + E \\0{di'^^A, . . . , di'^^A, DW£o,)(t')||L^) dt'. 

It suffices to estimate the i'-integral. For 1 < A: < 30, let us use Holder to estimate each di^^^ A 
m and dI^Vo, in L^. Then we estimate these by (j8.3p and Proposition [5?2l respectively, from 
which (|8.4p follows immediately for 1 < A: < 30. 

Next, proceeding similarly in the case k — 31, all terms are easily seen to be okay except 

110(5(3°) A,Fo,)(<')||L^ 

for which we cannot use (|8.3p . In this case, however, we may put Si'^^'vl in L\ and Fq^ in . 
Then the former can be estimated by using the case fc = 30 of (18. 4p that we have just established, 
whereas the estimate for the latter follows from Proposition 15.21 It follows that this term is of size 
Cfe,(A)i(o),E (1 + i'f^- Integrating over [0,t] gives the growth Cfc_(A)i(o),E (1 + *)^^- 
Finally, we are left to prove estimates for dtA^. For this purpose, we claim 

(8.5) \\d^t^^d,Mt)U. < C,,(A,x(o),E(l + i)'"'- 
for 1 < fc < 30. 

To prove (|8.5p . recall that dfA^ = Fg^; therefore, the case fc = 1 follows immediately from 
Proposition 15.21 For fc > 1, we take di'' and use Lemma [4.81 to substitute the usual derivatives 
by covariant derivatives. Then by (18. 3p . (|8.4I) and Proposition 15. 2[ (|8.5p follows. 

Combining (|0| and (|83|) . we obtain (|8TT|) with TV = 32. □ 



Proposition 8.2. For any t £ {—To,Tq), we have 

(8.6) (^»)l(i) < C(.)x(,).E • Ve. 
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Proof. Throughout the proof, the time t € (—To, To) wih be fixed and thus be omitted. 
Recalling the definition of '^^^I, establishing (|8.6I) reduces to proving 

(8-7) W'^x^sW^sji.py^k-i <C'j, (A)i,E ■ V^, 

(8.8) ||VoF,||^5/4.p^.-i <C^fe,(A)i,E • 

for 1 < fc < 10 and p ~ 2, oo. 

The estimate (j8.7p is an easy consequence of (|5.9p of Corollary 15.31 and Corollary 16.121 On the 
other hand, to prove (|8.8p . we use the formula 

which is an easy consequence of the Bianchi identity (15.21) and the parabolic equation for Dgi^oi- 
Taking D^*^ of both sides and using Proposition l5.21 Corollary [53] and Proposition l6.111 we obtain 

(8.9) ||2?i'=-i)VoF,, 11^5/4,00^, + ||I?i^-i)V*F,, II ^5/4,2^, < Cfe.E • Ve 

for fc > 1. At this point, applying Corollary 16. 12[ we obtain (|8.8p . □ 
Combining Propositions 18.11 and 18.21 Theorem iBl follows. 

9. Short time estimates for (HPYM) in the caloric-temporal gauge: 

Proof of Theorem [C] 

The goal of this section is to prove Theorem [Cj As discussed in Section |31 this theorem follows 
from a local-in-time analysis of the wave equations of (jHPYMp . As such, its proof will follow closely 
that of [21, Theorem B], which is essentially a 'i?^ local well-posedness (in time)' statement for 
(|HPYMp in the caloric-temporal gauge. 

To begin with, let us borrow the following definition from |21) . 

3 

£{t) ■■= E (l|Vl™-'^i^.o(i)IL^-£2(o,i] + l|Vi")F,o(OIL-^£2(o,i])- 

rn — 1 

Given a time interval / C M, we define £{I) to be sup^^j £{t). 

Moreover, also borrowing from [21], we assert the existence of the norms J-{I),A{I) of Fsi,A^, 
respectively, such that the following lemma holds. 

Lemma 9.1. Let I d R be a finite open interval centered at t = 0, and a regular solution to 
(jHPYMp in the caloric-temporal gauge on I x M.'^ x [0, 1]. Then: 

(1) The following estimates hold. 

Ao[A^{s = 0)](/) < • + • {^{I)+A{I)f, 

sup sup Pi(s)||i=oi2(/) < C^(/),^(/) • {^"{1) + A{I)). 

I se[o,i] 

(2) The norms J-{~T,T) and A{~T,T) are continuous as a function ofT (where < T < Tq). 
Furthermore, we have 

limsup(j'(-r,T)+^(-T,r)) <CI, 
lim sup (6F{-T, T) + 5A{-T, T)) < C 51. 

(3) The following estimates hold for A: 

A{i) < cm + \i\ • £{!) + Cs(i),^(i),A(i) ■ m) + HI) + A{i)?) ■ 

(4) The following estimates hold for T : 

HI) < cm + \I\'^'Ceii)^^(^i)^Aii) ■ {£{!)+ HI) + Ail))' 
Proof. This is essentially a summary of [HJ Propositions 7.1, 7.2, 7.4] and [3T1 Theorems D, E]. □ 
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The main reason why the analysis in ^21j is insufficient to prove Theorem [C] is because of [2T| 
Proposition 7.3], which gives an estimate for £{t) only under the hypothesis that either the size 
of the initial data or the s-interval is smalQ The following proposition is a replacement of f3Tl 
Proposition 7.3], which utilizes the smallness of the conserved energy E(t) instead, based on the 
covariant parabolic estimates derived in Section [5] 

Proposition 9.2. Let I d R be an open interval and < G /. Consider a regular solution to 
(IHPYMp in the caloric-temporal gauge on / x M"^ x [0, 1] such that F — F^jj is regular on I xMp x [0, 1] 
and satisfies 

E(t) := E[F(i, s = 0)] < 6, ^^^I{t) < D, 
where D > is an arbitrarily large number and S > is the small constant in Provosition \5. 2[ Then 
the following estimate holds. 

(9.1) Sit) < Cd,5. 

In we will give a proof of Proposition 19.21 Assuming Proposition 19.21 the proof of Theorem 
[C] is a straightforward adaptation of [21] Proof of Theorem B] . We shall present a sketch in 

9.1. Improvement of estimates for F^o : Proof of Proposition [972l The goal of this subsection 
is to prove Proposition lOl Consider a regular solution to (IHPYMp on (-To,ro) x x [0,1] 
(To > 0) such that F is regular. From Proposition 15.11 and the fact that Fgo — D^F^q, it is not 
difficult to verify that Fsq satisfies the covariant parabolic equation 

(9.2) (D, - D^D,)^^,o = 2[Fo',F,i]. 

RecaU furthermore that [D,, (D^ - D^D^)]B = 0(F,Dj;B). This implies that Tii^'' F^o for fc > 1 
satisfies the following schematic parabolic equation. 

k 

(9.3) (D, - D^D,)(dWf,o) = 5]0(Di-'")F,Di'=-^")F,). 

j=o 

Now recall that the hyperbolic Yang-Mills equation holds along s = 0. In particular, the con- 
straint equation D^Ffo(s = 0) = holds, which is equivalent to Fsq{s = 0) = 0. Taking this extra 
ingredient into account. It follows that F^q obeys an improved bound compared to the one proved 
in Section O as we state below. 

Proposition 9.3 (Improved estimate for Fgo, with covariant derivatives). Let Tq > 0, t G (—To, Tq), 
and consider a regular solution to (|IIPYMI) on (~To,Tq) x R'^ x [0,1] such that F = i^^i^ is 
regular on (-T^To) x x [0,1]. //E(t) E[F(i, s = 0)] < 6, where S > is the small constant 
in Provosition 1 5. 'A then the following estimate holds for each integer k > 0. 

(9.4) WT^i'-'^Fsomcl^-dioA] + W^i'^P^omcl'^diOA] < CkMt) ' E(i), 
When k ~ 0, we omit the first term on the left-hand side. 

Proof. We shall fix t e (— To,To) and therefore omit writing t. Let us begin with the case fc = 0. 
Applying Lemma [4.71 to the covariant parabolic equation for Fso, along with the fact that Fgo = 
at s = thanks to (|YM|) . it follows that 

ll^^soll^.-^. <2|| re(^-^)^|[Fo^F,,]|(^)d5||£...£.. 
Jo 

Using Lemma l47fl Holder, (|5.6p (Proposition 15. 2p and (|5.9p (Corollary [O]), we have 

II r e^^-^^^\[F,',FMs)ds\\^y.^, <m',FsScl^^^^c^ 

Jo ^ X 

— I|-^0^ll£^/4,oo^2 ll^s£||£5/4,2^2 ^ ' E. 

Therefore, we have proved ||Fso||£i.2£2 < Ce • E. 



'The latter case is not explicitly treated in i21^, but follows essentially by a scaling argument. 



35 



For fc > 1, we proceed by induction. Suppose, for the purpose of induction, that the cases 
0, • • • , fc — 1 has aheady been estabUshed. Using the energy integral estimate (|4.6p with £ ^ 1 + 

to (1131) for Di'^^^V.o, we see that 

fe-i 

The first term on the right-hand side is acceptable by the induction hypothesis; we therefore focus 
on the second term. Let us use Holder to estimate I?i"'^F in Cl^'^''^C^ and vi''^^ "'^Fs in C^^'^'^C'^. 
Next, we apply Corollary 14.31 to each. Then using Proposition 15.21 and Corollary 15. 3[ the sum is 
estimated by 

fc-i 

^iip(^+i)F|j^3/4,.^,jiPi^--i-^-)F,ii;.(^,,,,^j 

j=Q 

Therefore, (19. 4|) holds for the case fc, which completes the induction. □ 

Suppose furthermore that is in the caloric-temporal gauge, so that As — in particular. 
Combining Proposition 19.31 and Corollary 16.121 the coyariant deriyatiye estimate ()9.4p leads to the 
corresponding estimate for usual derivatives. This is the content of the following corollary, whose 
easy proof we omit. 

Corollary 9.4 (Improved estimate for Fso, with usual derivatives). Assume that the hypotheses of 
Proposition \9.2\ hold. Furthermore, assume that A^ satisfies the caloric-temporal gauge condition. 
Then the following estimate holds for < k < 29. 

(9.5) l|Vi'=)F,o(t)||£i,~£.(oa] + W'^l'^ Fsomcl-^ci(o,i] < ^fe,(A)i(t),E(t) • E(i). 
The estimate (19. 5p is more than sufficient to prove Proposition 19. 21 

9.2. Proof of Theorem [Cl With Proposition l9.2[ we are ready to give a proof of Theorem [Cl We 
shall basically follow [U] Proof of Theorem B], replacing [3TJ Proposition 7.3] by Proposition 19.21 

Proof of Theorem Let Ag^ be a regular solution to the hyperbolic-parabolic Yang-Mills equation 
in the caloric-temporal gauge on (— To,ro) x R'^ x [0, 1] such that F is regular and (13.71) is satisfied. 
For simplicity, we will consider the case in which Iq is centered at t = 0, i.e. Iq — {~d/2,d/2) for 
d > to be determined. As we shall see, the proof only utilizes the hypotheses p.7p on Iq; therefore, 
the same proof applies to other Iq C (— To,To) as well. 
We claim that 

(9.6) Hlo)+A{Io)<BD, 

for a large enough absolute constant B, to be determined later, provided that |/o| — d is small 
enough. Note that Theorem [Cl then follows immediately from the claim, thanks to Part (1) of 
Lemma 19.11 

We will use a bootstrap argument. The starting point is provided by Part (2) of Lemma [9.1[ 
which implies 

Hn;)+A{Q<2i{Q), 

for some subinterval Iq C I containing such that |/q| > is sufficiently small (by upper semi- 
continuity of F,A at 0). Note that the right-hand side is estimated by BD, provided we choose 
B>2. 

Next, let us assume the following bootstrap assumption: 

F{Q+A{I'q)<2BD 
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for /q := {—T',T') C /. Applying Parts (3), (4) of Lemma 19.11 and using Proposition [92] to control 
£(/o), we obtain 

Here, we used the hypotheses p. 71) on /q C /q- Using the bootstrap assumption and choosing d 
small enough depending on D,S and B (note that T' < d), we can make the second and third terms 
on the right-hand < Then choosing B > 2C, we see that 

Hlo)+A{I'o)<BD, 

which 'beats' the bootstrap assumption. By a standard continuity argument, (|9.6p then follows. □ 
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